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radiative transfer

• neutron transport
• combustion
• optical tomography
• laser radiation...

Propagation of photons

• absorption
• scattering
• emission
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integro-differential equation

Spectral radiance

• space coordinates (x, y, z)
• solid angles (θ, ψ)

• wavelength λ
• time t

=⇒ 7D problem

1

c
∂Iλ
∂t

+ s⃗ · ∇Iλ + (κ+ σs)Iλ = σs

∮
Ω

φ · Iλ dΩ + κBλ
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steady-state monochromatic rte

(⃗
s · ∇+ (κ+ σs)

)
I = σs

∮
Ω

φ · I dΩ + κB

• s⃗ =
[
sin θ cosψ sin θ sinψ cos θ

]T,
• κ absorption coefficient
• σs scattering coefficient
• φ phase scattering function
• B black body emissivity function

absorption/scattering scattering emission
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numerical schemes in space

Deterministic methods:
• FVM (element-wise conservativity)
• FEM (flexibility)

Statistical methods:
• MC

=⇒ FEM with SUPG stabilization for the advection

DG also possible [Le Hardy, Favennec, Rousseau 2016]
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numerical schemes in angles

Discretization of the unit sphere:
• quadrature rules
• surrogate angular mesh

Semi-discretized RTE
∀m ∈ J1;NaK:

(⃗sm · ∇+ (κ+ σs)) Im = σs

Na∑
n=1

ωnφm,n · In + κB

Na = 80 Na = 320
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angular decomposition



variational formulation

Boundary conditions are not considered here.

Multiplying by a test function, we get ∀m ∈ J1;NaK:∫
D

[
(⃗sm · ∇+ (κ+ σs)) Im

− σs

Na∑
n=1

ωnφm,n · In − κB
]
(v+ γs⃗m · ∇v) = 0

Or in more compact form, ∀m ∈ J1;NaK:
a(d)m (Im, v) +

Na∑
n=1

am,n(In, v) = Lm(v)
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matricial formulation

Given a FE space Vh with Nh d.o.f., we end up with:
A(d)

1 + A1,1 A1,2 A1,Na

A2,1 A(d)
2 + A2,2 A2,Na

...
... . . . ...

ANa,1 ANa,2 A(d)
Na + ANa,Na



x1
x2
...
xNa

 =


b1
b2
...
bNa


=⇒ global linear system of order Na × Nh

To do (from a distributed-memory parallelism POV)

• assemble the matrix efficiently
• find an appropriate preconditioner
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distributed assembly
Domain decomposition in angles

(for Na = 4)

A(d)
1 + A1,1 A1,2 A1,3 A1,4

A2,1 A(d)
2 + A2,2 A2,3 A2,4

A3,1 A3,2 A(d)
3 + A3,3 A3,4

A4,1 A4,2 A4,3 A(d)
4 + A4,4




⇝ with PU #0

, #1

, #2, and #3.

What happens with more PU?

#4, #5, #6, and #7.
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distributed assembly
Redistribution

• traditional solvers: up to Na PU
• our method: up to k · Na PU, with k = 1, . . . ,Na
=⇒ Na = 320, up to 102,400 PU

Distribution of sparse matrices

Most linear algebra backend rely on row-wise 1D distributions

A(d)
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A2,1 A(d)
2 + A2,2 A2,3 A2,4

A3,1 A3,2 A(d)
3 + A3,3 A3,4

A4,1 A4,2 A4,3 A(d)
4 + A4,4
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preconditioning

• unsymmetric
• mixed dense-sparse structure
• large
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domain decomposition



vectorial variational formulation

Given a FE space VNah = Vh × Vh × · · · × Vh:∫
D

[(
S⃗ · ∇+ (κ+ σs)

)
I

− Φ : I− κB1
]T (

V+ γS⃗ · ∇V
)
= 0,

with

Φ = σs


ω1φ1,1 ω2φ1,2 ωNaφ1,Na
ω1φ2,1 ω2φ2,2 ωNaφ2,Na

...
... . . . ...

ω1φNa,1 ω2φNa,2 ωNaφNa,Na
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matricial formulation

=⇒ global linear system of order Na × Nh
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• sparse matrix with dense blocks of order Na
• number of nonzeros grows quadratically with Na

12



matricial formulation

=⇒ global linear system of order Na × Nh

 0

 20

 40

 60

 80

 100

 0  20  40  60  80  100

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

• sparse matrix with dense blocks of order Na
• number of nonzeros grows quadratically with Na

12



efficient assembly

Tensor products

• no need to deal with a huge variational formulation
• only assembles elementary matrices
• compute the global matrix using tensor products

(I,V) ∈ VNah × VNah
[(

S⃗ · ∇+ (κ+ σs)
)
I

− Φ : I− κB1
]T (

V+ γS⃗ · ∇V
)

=⇒

(I, v) ∈ Vh × Vh
∂I
∂x
v,
∂I
∂y
v,
∂I
∂z
v, I · v, ∂I

∂x
∂v
∂x
,
∂I
∂y
∂v
∂y
,
∂I
∂z
∂v
∂z
,

∂I
∂x
∂v
∂y
,
∂I
∂x
∂v
∂z
,
∂I
∂y
∂v
∂z
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preconditioning

Dealing with large dense blocks

• LU factorization would be too costly
• efficient smoothers for MG

• for angular decomposition, no long-range interaction
• “pruned” matrix by removing off-diagonal elements of
dense blocks
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numerical results



manufactured solution

D = 2π (1 + sin(2πx) sin(4πy))
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manufactured solution
Angular mesh refinement
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manufactured solution
Spatial mesh refinement
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large-scale experiments

• Henyey–Greenstein phase scattering function φ
• semi-transparent (ω = 0.9) material with absorbing
(ω = 0.09) inclusions

• MUMPS used as the direct distributed solver
• Curie@TGCC
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large-scale experiments
Angular decomposition

• Na = 320

• 6,400 MPI processes
• matrix assembly: 39.93s
• matrix redistribution: 3.98s

• setup: 37.83s
• solve: 104.92s (60.98s for
matrix–vector products)

0 2 4 6 8 10
10−9

10−6

10−3

100

k

r k
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large-scale experiments
Domain decomposition

• Na = 512

• 8,192 MPI processes
• matrix assembly: 5.96s

• setup: 17.42s
• solve: 39.45s (34.9s for MV
products)

=⇒ 1012 nnz distributed over 124 · 106 blocked rows
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closing remarks

• large-scale RTE solver using FreeFem++
• domain decomposition with vectorial FE
• matrix-free method
• [Badri, Jolivet, Rousseau, Favennec 2018]

Thank you!
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