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Angular dependence of the giant magnetoresistance for a current perpendicular
to the plane of the layers in a magnetic sandwich
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A quantum-statistical model using the Kubo formalism is proposed for describing the
magnetoresistance of a multilayer structure with the current perpendicular to the plane of the
layers. In particular, this model describes the case of noncollinear magnetization of
consecutive ferromagnetic layers of the structure. Interference between electron wave functions
with different directions of the spin projections onto the magnetization axis, which arises
in the noncollinear configuration, is investigated along with the role of electron scattering, not
only within the bulk of the layers, but also at their interfaces. ©1999 American Institute
of Physics.@S1063-7834~99!02010-9#
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Two main theoretical approaches to the description
giant magnetoresistance~GMR! have evolved since this phe
nomenon first began to be investigated.1 One approach
places greatest emphasis on the spin-dependent scatteri
conduction electrons by the surfaces and in the bulk of
ferromagnetic layers.2–4 The electrons of each layer are d
scribed by the model of a free electron gas.5 Some of the
models incorporate the most characteristic features of
band structure. In particular, the creation of spin-depend
potential barriers at the boundaries of the ferromagnetic
ers by the different populations of the valence band in ad
cent layers is taken into account, but without regard for
details of the band structure.6–9 Transport phenomena ar
described by simple parameters such as the spin-depen
mean free path and the Fermi wave vector.

The second approach is concerned primarily with
influence of the band structure on transport phenomena.10–12

The electronic structure is calculated from first principles
both the parallel and the antiparallel magnetization confi
ration of adjacent layers. The magnetization is calcula
with allowance for the complete electronic structure of t
superlattice. This approach requires complex numerical c
putations. It is difficult to compare the results of the lat
with experimental measurements of the absolute conduc
ity and magnetoresistance. In particular, the nature of
scattering centers in real multilayer structures is poorly
counted for. The role of such centers can be played by
face defects, magnetic inclusions in the nonmagnetic lay
impurities in the ferromagnetic layers, and finite-temperat
phonons. The exact relationship between the electronic st
ture and the scattering amplitude for each type of defect
quires a separate numerical analysis, making it extrem
difficult to perform calculations ‘‘from first principles.’’

For this reason we prefer the first approach and, wh
disregarding the complete electronic band structure,
nonetheless take interfacial potential barriers into acco
which constitute one of the main features introduced
band-structure calculations.
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It has been shown previously9 that, regardless of whethe
the current is perpendicular to the plane of the layers~CPP
geometry! or is parallel to this plane~in-plane or CIP
geometry!,8 the main contribution to the conductivity is from
s-like electrons, which obey the relation

kF
↑ 2kF

↓

kF
↑ 1kF

↓ !1, ~1!

wherekF
↑ andkF

↓ are the Fermi quasi-momenta for electro
whose magnetic moments are directed~respectively! in the
same and opposite directions as the magnetization. The
pendence of the magnetoresistance on the angleg between
the directions of the magnetizations of adjacent layers
been investigated8,9 with allowance for the above-mentione
potential barriers between adjacent ferromagnetic layers
also the volume scattering of conduction electrons. Howe
these papers ignore scattering at the layer interfaces, w
has been included in a similar analysis13 confined to strictly
parallel and antiparallel magnetization configurations of
adjacent ferromagnetic layers. In such configurations
spin channels do not mix, and the potential barrier~1!, which
is small in comparison to the Fermi energy, does not pla
significant role.

In this paper we present a quantum-statistical analysi
the angular dependence of the magnetoresistance in CP
ometry, taking all the above-indicated mechanisms into
count: the spin-dependent potential barrier created by hyb
ized exchange between thes andd bands; the spin-dependen
scattering of conduction electrons in the bulk of the laye
scattering by the interfaces as distinct from volume scat
ing. The interfacial type of scattering is caused by roughn
of the surfaces between the layers, ‘‘dirt,’’ and various kin
of surface defects. The problem is that, when the anglg
between the magnetizations of the layer differs from eithe
or p, mixing takes place between electronic states with s
directions↑ and ↓ as electrons pass from one layer to a
other, and surface scattering together with volume scatte
contributes to a term that depends on the height of the
5 © 1999 American Institute of Physics
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tential barrier, which is found to be proportional to sin2g, i.e.,
describes the deviation of the angular dependence f
linearity in cosg.

1. THE MODEL

We consider a sandwich consisting of two identical f
romagnetic layers of thicknessa andc separated by a para
magnetic interlayer of thicknessb. The electronic system o
each layer is described as a gas of free electrons subject
spin-dependent scattering both in the bulk of the layers
at the interfaces. In the case of a noncollinear configura
of the magnetizations of adjacent ferromagnetic layers i
impossible to diagonalize the electron Green’s functions
spin space in both layers simultaneously by choosing
right quantization axis. We therefore choose the direction
the magnetization in one layer (c) as the axis in question
Then upon transition from one ferromagnetic layer to
other a pure electronic state with wave vectork↑(↓) goes over
to a mixed state, and the electrons pass through the pote
barrier, becausekF

↑ ÞkF
↓ .

For the zeroth-approximation Green’s functio
G0

ab(z,z8), which describe the system with volume scatt
ing only, we adopt the solutions of the matrix equation9

F S ]2

]z2
1kF

22k2D I 2
2m

\2
Svol

abGG0
ab~z,z8!5

2m

\2
d~z2z8!I ,

~2!

wherem is the effective mass of the conduction electro
d(z) is the Dirac delta function,a andb are the spin indices
(a,b5↑,↓), andI is the unit matrix. For sandwich calcula
tions, i.e., for a structure with spatial inhomogeneity in o
direction, we use a mixed coordinate-momentum represe
tion for all quantities. The coordinatez describes the position
of a point on the axis perpendicular to the plane of the sa
wich layers, and the vectork is the projection of the quasi
momentum onto this plane. The self-energy part correspo
ing to volume elastic scattering in layerc, where the
quantization axis coincides with the direction of the mag
tization, has the diagonal form

Svol
ab5S Svol

↑ 0

0 Svol
↓ D . ~3!

Upon rotation of the quantization axis through the angleg in
layer a, this matrix is transformed according to the law

Svol
ab5

Svol
↑ 1Svol

↓

2
I ab1

Svol
↑ 2Svol

↓

2 S cosg sing

sing 2cosg D .

~4!

The spin-dependent mean free paths of electrons in the
of the ferromagnetic layers are

l ↑(↓)5
\2kF

↑(↓)

m Im Svol
↑(↓)

. ~5!

Note that (Svol
↑ 2Svol

↓ ) is the energy of exchange interactio
between electrons of the subbands with different spin dir
m
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tions. We consider the case in which the potential bar
overcome by electrons crossing from one ferromagn
layer to the other is small by virtue of relation~1!, i.e., is
much lower than the Fermi energy. We can therefore dis
gard the reflection of electrons by the potential barriers a
any effects associated with such reflection, and in Eq.~2! we
can setkF5(kF

↑ 1kF
↓ )/2. However, the presence of a barri

between electronic states with spins↑ and↓ must be taken
into account in expressions of the type (kF

↑ 2kF
↓ ) l ↑(↓), which

can be much larger than unity.
Equation ~2! must be augmented by the conditions

continuity of the Green’s function and its derivative at t
interfaces and by boundary conditions corresponding to
weakening of correlations of the electronic states at infin

Taking into account scattering at the interfaces in
sandwich, we find the Green’s functions of our system
solutions of the Dyson equation

Gab~z,z8!5G0
ab~z,z8!1G0

ab~z,a!S int
ab~a!Gab~a,z8!

1G0
ab~z,a1b!S int

ab~a1b!Gab~a1b,z8!

~6!

in the first approximation, i.e., on the assumption of su
ciently small scattering at the interfaces~with coordinatesa
anda1b along thez axis!. Upon rotation of the quantization
axis, the matrixS int

ab is transformed according to the sam
law ~3!, ~4! as the volume scattering matrix. In Eq.~6!
G0

ab(z,z8) is the zeroth-approximation Green’s function~2!.
If by analogy with~5! we introduce a parameter having th
dimensions of length,l↑(↓)5\2kF /mImS int

↑(↓) , which char-
acterizes the effective mean free path corresponding to s
dependent scattering at the interfaces, then by assump
this length is much shorter than the lattice constanta0 .

To calculate the two-point conductivity, we use th
Kubo equation in the form given in Ref. 14, which appea
as follows in the mixedk–z representation:

sabhn~z,z8!52
e2\3

4m2p
(

k
@Gbh1~z,z8!2Gbh2~z,z8!#

3¹↔
z¹

↔
z8@Gna1~z8,z!2Gna2~z8,z!#, ~7!

where Gab6(z,z8) denotes the advanced and retard
Green’s functions~6!, the spin indicesa,b,h,n5↑,↓, ¹↔

z

5 1
2¹

→
z2¹←

z) is the antisymmetric operator of differentia
tion with respect to the coordinatez, and e is the electron
charge. Now the current density at a pointz has the form of
a second-rank spinor and is given by the expression

Jab~z!5E sabhn~z,z8!Ehn~z8!dz8, ~8!

whereEhn(z8) is the effective electric field, which is also
second-rank spinor. It has been shown14 that the introduction
of this quantity is equivalent to the calculation of a vert
correction to the expression for the conductivity~7!.

From the energy conservation law we obtain equatio
for determining the fieldsEhn(z8):

]

]z
Jab~z!50. ~9!
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Equations~8! and ~9! are solved self-consistently on th
basis of the assumption that the effective fieldsEhn(z8) do
not depend on the coordinate within each layer, but jump
the interfaces as a result of the surface scattering of e
trons:

Ehn~z!5Ei
hn1C1

hnd~z2a!1C2
hnd~z2a2b!, ~10!

whereC1
hn and C2

hn are the voltage drops across the inte
faces due to spin-dependent scattering as distinct from
ume scattering,Ei

hn denotes quantities that are independ
of the coordinatez and differ for different layers (i
5a,b,c). These quantities are chosen in such a way a
satisfy the conditions of continuity of the expressions for
currents in different layersJa

ab(z), Jb
ab(z), andJc

ab(z):

Ja
ab~z!uz5a5Jb

ab~z!uz5a ,

Jb
ab~z!uz5a1b5Jc

ab~z!uz5a1b , ~11!

and the constantsC1
hn and C2

hn are chosen so that a
coordinate-dependent terms in these expressions will van
This choice can be made even though such terms are m
greater than the evaluated constants.

To obtain the complete system, Eq.~9! must be aug-
mented with expressions for the total voltage drop

aEa
aa1bEb

aa1cEc
aa1C1

aa1C2
aa5U,

aEa
ab1bEb

ab1cEc
ab1C1

ab1C2
ab50 for aÞb. ~12!

We have thus written a system of equations for the quant
Ei

ab , C1
ab , andC2

ab , each of which is a second-rank spino
We can solve this system to obtain the total resistance of
sandwich:R5U/(J↑↑1J↓↓).

The final equation for the resistance of the sandw
(a/b/c) has the form

R5
6p2\

e2kF
2

A21 H F ~a1c!21~a1c!~ l ↑1 l ↓!S b

l
12S0D

1 l ↑l ↓S b

l
12S0D 2

1~12cosg!ac
~ l ↑2 l ↓!2

2l ↑l ↓

1~11cosg!~~a1c!~ l ↑2 l ↓!S122l ↑l ↓S1
2!G

3Fa1c1
2j l ↑l ↓

l ↑1 l ↓
S b

l
12S0D G1sin2g~12j!

3Fac
~ l ↑1 l ↓!2~12j!

4l ↑l ↓j
S a1c1

2l ↑l ↓

l ↑1 l ↓
S b

l
12S0D D

1
ac~a1c!~l↑2l↓!2

4l↑l↓
1~a1c!l↑l↓S1

22ac~l↑2l↓!S1GJ, ~13!

where 1/j511@(k↑2k↓) l ↑l ↓/( l ↑1 l ↓)#2, l is the mean free
path of conduction electrons in the nonmagnetic interlay
and the following notation has been introduced:
at
c-

-
l-
t

to
e

h.
ch

s

e

h

r,

A5~ l ↑1 l ↓!F S a1c1
2j l ↑l ↓~b/ l 12S0!

l ↑1 l ↓
D

3S a1c1
2l ↑l ↓~b/ l 12S0!

l ↑1 l ↓
D 1ac sin2 g

~12j!2

j G ,

S05
ma0

\2kF

Im~S int
↑ 1S int

↓ !,

S15
ma0

\2kF

Im~S int
↑ 2S int

↓ !. ~14!

2. DISCUSSION OF THE RESULTS

We have derived an analytical equation~13! for the re-
sistance of a magnetic sandwich in the case of noncollin
magnetization of the magnetic layers, taking into acco
spin-dependent scattering that differs in the bulk and at
interfaces of the layers. This property enables us to inve
gate the role of interfacial scattering in the gigantic mag
toresistance of such multilayer magnetic structures.

FIG. 1. Dependence of the normalized magnetoresistance on the a
between the directions of the magnetizations of ferromagnetic layers
thicknessesa5c523, b511, l ↑560, l ↓520, l 5180; ~1! l↑→`,
l↓→`; ~2! l↑5200, l↓510.

FIG. 2. The same as Fig. 1 fora5c539, b511, l ↑560, l ↓520, l 5180;
~1! l↑→`, l↓→`; ~2! l↑5200 l↓510.
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In the limit without surface scattering, i.e., assuming
finite effective-mean-free paths corresponding to sp
dependent scattering at the interfaces,l↑(↓)→`, we find that
Eq. ~13! coincides with the equation for the angular depe
dence of the magnetoresistance in Ref. 9. But if the mag
tization of the layers is assumed to be strictly collinearg
50,p), there is no interference between coherent elect
waves with different directions of the spin projection: T
term that contains the differencek↑2k↓ and is proportional
to sin2 g vanishes. The expression for the magnetoresista
then coincides with the one given in Ref. 13. The results
therefore be regarded as a generalization of the previo
published calculations.

To plot graphs, we use the normalized form of the ma
netoresistance

GMR5
R~g!2R~g50!

R~g5p!2R~g50!
~15!

with realistic values of the electron scattering parameters
the Fermi wave vectorkF

↑(↓) . In particular, we assume tha
(kF

↑ 2kF
↓ )/(kF

↑ 1kF
↓ )50.1, as in the experiments reported

FIG. 3. Dependence of the normalized magnetoresistance on the mea
paths corresponding to scattering at the interfaces:~1! l↑5100, l↓510
2100; ~2! l↑510, l↓5102100. The angle between the directions of t
magnetizations of the ferromagnetic layers isg5p/2. The parameters are
a5c523, b511, l ↑560, l ↓520, l 5180. All lengths are given in ang
stroms.
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Ref. 9. Allowance for interfacial as well as volume scatteri
introduces a contribution to the angular dependence of
magnetoresistance of the multilayer structure. Specifica
surface scattering can have the effect that the resistanc
observed to be a maximum for other than an antipara
configuration of the magnetizations of adjacent ferrom
netic layers~Fig. 1!. This unexpected result could not happ
as a consequence of previous calculations and is most li
typical of the CPP geometry only, because the CIP resista
depends linearly on cosg, owing to the absence of interfer
ence between electronic states. Naturally, when the thickn
of the magnetic layers is increased, the influence of sca
ing at the interfaces diminishes, volume scattering begin
play an ever-increasing role, and this effect no longer occ
~Fig. 2!. The change in the surface scattering parameters
electrons with spins↑ and ↓, the ratio of which can differ
from the ratio of the mean free paths of the electrons in
bulk, (l↑2l↓)/(l↑1l↓)Þ( l ↑2 l ↓)/( l ↑1 l ↓), also influences
the value of the magnetoresistance~Fig. 3!.
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