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Abstract

This paper proposes an original approach for the computation of the CDF of a continuous
function h applied to a real-valued random vector X, when this vector follows an elliptical
distribution. Instead of sampling directly from the density of X and computing the proportion
of draws for which h (X) exceeds a given threshold @ € R, we propose an original level-set
approach for calculating the CDF of h (X), by expressing it as a weighted integral computed
over the level-sets of its probability density function. Using Lebesgue integration and the fact
that the level-sets of the density function of an elliptical distribution form a family of homothetic
hyperellipsoids, we reformulate the probability P (h (X) > «) as a weighted integral taken over
this family of hyperellipsoids, which Lebesgue measure can be computed under closed-form. We
further generalize our expression to mixtures of elliptical distributions, and establish potentially
fruitful connexions with differential forms by reformulating our integral as a weighted integral
over the surface our family of hyperellipsoids using vector fields and the generalized Stokes
theorem.

Finally, we show that the probability P (h(X) > «) can be reformulated in terms of the
weighted expectation of a specific random function 7 (U), where U follows a uniform distribution
on the unit sphere. We provide a consistent estimator and assess the performances of our

methods in terms of empirical bias and variance of the estimator.
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1 Introduction

This paper proposes an original approach for the computation of the cumulative distribution function
(CDF) of a continuous real-valued multivariate function h : R™ — R applied to a real-valued random
vector X € R", with n > 1. Estimating the CDF of a given random variable is a common issue
in actuarial science and risk analysis. In the context of energy applications, computing the fair
price of a Power Purchase Agreement (PPA) may for instance require calculating the distribution of
profit for a portfolio of renewables energy sources production units, which generation is sold on the
electricity spot market. However, there seem to exist no unified framework for estimating the CDF
of h(X).

Drawing insights from interval analysis, [1] provide a method for estimating the distribution of
a function of random variables, which creates a sequence of bounds that convergence to the true
distribution function for functions of independent variables or random variables of known dependen-
cies. Their methods is decomposed into three steps: first, they construct a partition of the domain
of each random variable, where each subintervals are equally spaced in probability mass relative to
their marginal distributoins. Second, they construct upper and lower bounds for the conditional
CDF of h(X) for each "box” in the partition, before combining them in a final step to obtain the
final estimate. However, convergence to the true CDF of h(X) requires that h(X) is continous
and monotonically increasing for each individual component of the random vector X. The case of
non-monotonic functions requires first discovering subregions over which the function is monotonic.
Global optimization techniques would be required to compute the upper and lower bounds over
boxes without prior knowledge of the regions of monotonicity. This approach may rapidly become
intractable when the dimension of X is large or when the partial derivatives of h(X) rapidly change

sign.

The CDF of a random variable may be recovered by inverting its characteristic function, through
the Gil-Pelaez formula (see [2]), which relates the characteristic function and CDF of a random vari-
able through the complex Fourier transform. This provides a powerful tool as it admits closed-form
expressions for linear combinations of independent random variables or generalized quadratic forms
for X following a multivariate normal distribution as shown in [3]. However, when the characteristic
function of A(X) is unknown or has no analytic formulation, the empirical characteristic function
can be approximated from observed data before applying numerical integration methods, typically
using grid evaluations through trapezoidal quadrature. Numerous heuristics are available to adjust
the grid size to satisfy specific error tolerance levels, manage oscillatory integral issues or smooth
the empirical characteristic function. Yet, this approach suffers severe limitations, especially when

the characteristic function exhibits discontinuities or insufficient decay.

The saddlepoint approximation provides an alternative computation method for the CDF of a



function of random variables. [4] use this technique to derive a uniform asymptotic series approxi-
mating the CDF of the sum of a large number of independent random variables. Their method is
illustrated with applications to the uniform and exponential distributions. In a similar fashion, [5]
propose an extansion of the saddlepoint approximation method to compute the CDF of a finite sum

of real-valued independent and identically distributed random vectors.

Introduced by [6] for Hermite polynomials and generalized by [7], Polynomial Chaos Expansion
(PCE) uses spectral decomposition to approximate a random variable in terms of a linear com-
bination of orthogonal polynomials of random variables, which is then propagated to compute its
moments and density function. PCE provides a theoretically sound tool to quantify uncertainty in
models which are parameterized by independent random variabkles. The generalized Polynomial
Chaos (gPC) series expansion can be adapted to scalar functions of several random variables, by
using a multivariate polynomial basis built from the tensor product of orthogonal univariate poly-
nomials. This approach, known as functional chaos approximation (see [8]), allows us to directly
sample from the gPC series expansion as it converges in the mean square sense to the target PDF.
Yet, an additional integration step is required to approximate the CDF of the target function of
random variables. The case of dependent random variables is however more intricate as it requires
measure transformation methods that map the dependent random variables to a set of independent
ones. [9] propose a discussion of the pros and cons of three methods that can be used to constructed
the PCE of models with dependent variables, including a novel one using Gram-Schmidt orthogo-

nalization to numerically compute orthonormal polynomials for the dependent random variables.

The machine learning literature also provides methodological tools for computing the CDF of
h(X). The framework of normalizing flows was formally introduced by [10] and [11], before be-
ing applied in the context of density estimation by [12]. The method of normalizing flows uses a
sequence of transformations, noted T =T} o---0Txn_1 o T, with N > 0, to map simple distribu-
tions defined over continuous random variables, with known closed-form densities, to more complex
ones. The composition of invertible mappings is itself invertible and allows the representation of
transformations of arbitrary complexity. Normalizing flows rely on the change of variables formula
to compute the change in volume associated to each transformation from its Jacobian. However, it
assumes that each transformation is a diffeomorphism, such that it is bijective, differentiable, and

its inverse is differentiable as well.

This paper proposes an original approach to the problem of computing the cumulative distribu-
tion function of a real-valued multivariate function applied to a random vector following an elliptical
distribution. Elliptical distributions encompass a wide variety of well-known probability distribu-
tions, including the (multivariate) Gaussian distribution and ¢—distribution, but also the symmetric
multivariate Laplace distribution and the multivariate logistic distribution. Elliptical distributions
are thus ubiquitous and find various applications in statistics, especially in generalized multivariate

analysis and robust analysis, and finance for optimal portfolio analysis and Value at Risk (VaR)



calculations. Formally, a random vector X follows an elliptical distribution if its density function
can be expressed as a function of the quadratic form x7¥x, where 3 is the variance-covariance
matrix associated to X. More generally, a random vector is said to follow an elliptical distribution if
its characteristic function can be written as a function of x” ¥x. We focus on the first definition in

the present article and leave formulations in terms of the characteristic function for further research.

For a given random vector X and scalar ¢ > 0, the iso-density hypersurface associated to e
corresponds to the set of points for which the probability density function of X is equal to €. In
the case of elliptical distributions, each iso-density hypersurface geometrically corresponds to an
hyperellipsoid or a union of hyperellipsoids. More generally, the level-sets of the density function
form a family of homothetic hyperellipsoids with center corresponding to the mean of the random
vector X. Using tools from measure theory and calculus, we propose an original level-set approach
for calculating the probability P (h(X) > «) for a given threshold o € R, by expressing it as a
weighted integral computed over the level-sets of its probability density function. We establish some
potentially fruitful connexions with differential forms, by using the generalized Stokes theorem to
express the target CDF using vector fields. Finally, we show that the probability P (h (X) > «) can
be reformulated as the expectation of a weighted random function following a uniform distribution
on the unit sphere. We provide a consistent estimator and assess the performances of our methods

in terms of empirical bias and variance of the estimator.

2 Definitions and main theoretical results

2.1 Notations

Let X be a real random vector in R", n € N*, with mean vector p € R™ variance-covariance matrix
3 € R™™ and defined on the probability space (Q2x,F,P). Without loss of generality, we assume
X has zero mean, i.e. u = 0. We further assume that X follows an elliptical distribution and its
density function, noted fx(x), x € x, can be expressed as an explicit function of g and X. More
specifically, we can write fx(x) = Qg ((x — WIS (x - p)), @ € R and where g: R — RT. As
© = 0 by assumption, we further simplify to fx(x) = Qg (XTZTIX).

As a reminder, we define the real-valued multivariate function h : R™ +— R. The solution
set of the equation h(x) = «, noted &, = {x € R | h(x) = a}, defines an implicit hypersurface
associated to an equation of the form ¢(x, &) = 0, where ¢(x, a) = h(x) —a and o € R. We make the
assumption that the hypersurface ®,, is orientable. We can then define the complementary subspaces
oF = {x € R" | p(x,a) > 0} and &, = {x € R" | p(x,a) < 0}, such that ®F NP, = 0 and
ot P, = R™. A significant advantage of the above formulation in terms of implicit hypersurface



is that it allows the computation of quantities for any graphical relationship between components of
random vector X that can be expressed implicitely. Given two topological sets X and Y, a function
verifies the restriction that Vo € X, 3ly € Y such that y = f(x), and thus belongs to a subset of the

more general family of curves.

The probability of the event (h(x) > «), or equivalently (¢(x,a) > 0), is equal to the integral of
the density function fx(x) computed on the subspace <I>; :

P(p(x,0) 2 0) = Aﬁ fx(z)dp(z) =1 - - fx(z)du (z) (1)

Directly computing the above expression under closed-form is generally not possible, which jus-
tifies the use of approximation methods.

The present paper introduces an original approach using the level-sets of the function fx(x)
to compute expression (1) efficiently. For ¢ € R, ¢ > 0, we define the level-set associated to
eas 0. = {x € R" | fx(x) = €} and the closed set £, = {x € R" | fx(x) > €}. As by
assumption the random vector X follows an elliptical distribution, £, thus corresponds to an hyper-
ellipsoid parameterized by the couple (u,3), with boundary defined as 9€.. We further define

*

€* = max.cp+- fx(x) corresponding to the maximum value taken by the density function, with
€* < +0o by definition. Finally, Ve € [0, €], we define 1 (C.) as the Lebesgue measure of the set C..

2.2 Main theoretical results
2.2.1 Preliminaries

Before developing our approach in details, we start by proving the following preliminary result:

Proposition 1: Let I': = 7¢*, 0 < 7 < 1. For any random vector X with density function

fx(x), the integral of the Lebesgue measure p (€,¢+) along the path I'; sums to one, i.e.:
1
[nEas=e [ ueyar=1 (2)
r 0

Proof: The proof of the above proposition is a simple consequence of the properties of density
functions. We note p(A) the Lebesgue measure of the set A. For any x € R, fx(x) > 0, while
fx(x) >0 for x € Qx CR™. We use the convention that co -0 = 0. We have:



+oo
fx(x)dp (X):/O pdx: (fx(x) > U (fx(x) =1)})dt

R

Using the fact that p({x: (fx(x) =t}) =0 and p({x: (fx(x) > €*}) = 0 by definition, we can

simplify the above expression:

P00 () = [ (s () > 1)
R™ 0

Finally, by introducing the change of variable ¢ = 7¢* and using the fact that the integral of

fx(x) sums to 1, we obtain the result sought-after:

hwwmzfuwwkw>mw
R» 0
= /0 p({x: (fx(x) > 1€e}) erdr
1
:e*/ p(Erer)dr
0

=1
It is straightforward to show that we have ¢* = (.

2.2.2 Level-set reformulation of the CDF

Proposition 1 allows us to compute the probability of p(x,a) > 0 by taking the integral of the

Lebesgue measure of the hyper-ellipsoid &.. Let us consider the following decomposition:

p(E)=p(En@t) +p(Ecnedy)

We assume that there exists a function n*(x,a) with the following properties: x € ®F &

nt(x,a) =1, x € &, & nt(x,a) = —1. Then, it follows that:

/& nt(x, @)dp (x) = /sgrm; dp (x) _/&ﬂ% dp (x) (3)



<=>/55 du(X)+/€e 7t (x,2)dp (x) ﬂ/gmz e (x) (1)
pecne) = [ dneo = [ et e o) %)

The probability that ¢(x,«) > 0 can eventually be reformulated as follows:

P (p(x,0) > 0) = 62/01 Us

, where for all 7 such that 0 < 7 < 1, £, is a compact subset of R™, with piecewise smooth

(1 ()i ()| dr

Te*

boundary 9&,.~. The above equation can be further developped as follows:

P(@(X,a)ZO)Zi/Ol[u(&e*)Jr/g n*(za)dm} —‘;L // (2 0)dps (2) dr

Te*

= P(p(x,a) >0) = f—i-f// ) (z,)dp (z)] dr (6)

If p(p,a) # 0, there exists €9 > 0 such that Vx € &, = {x € R"|fx(x) > e}, nT(x,a) =1
if o(p, ) > 0 or nT(x,a) = —1if p(p,a) < 0. For 79 > 0 and ¢y = Tpe*, we get the following

expression:

P (o(x,0) > 0) = % + < < o / )dr + / 1 /8 . (2, @)y (z)] dT>

For any 7 € [0,1], the surface area of £(1_,)+ corresponds to the derivative of y (€(1_r)e-),

such that for an infitesimal variation dr, the Lebesgue measure the hyper-ellipsoid £;_.).- can be

computed recursively as follows:

0
M (5(177)6*> + Eu (5(1,7-)6*) dr = 1% (5(17(T+d7))6*)



In words, the Lebesgue measure of the hyper-ellipsoid p (5(1_(T+d7))£*) is equal to the sum of

the Lebesgue measure of (5(1_7)6*) and of its surface area:

T a T
1 (Ea—ryer) :/ T (Eopyer) dt = / [/ dp (Z)] de
0 0 OE(1_tyex

Using a simple trick, the inner integral in (6) can be reformulated as follows:

_ v a)du(z) = [ [ | rmau <z>} dt
E(1—ryex 0 OE(1_t)e*

-1
[0
Z/ &M (5(14)6*) X [/ n*(z,@)dp (Z)] x l/ dp (Z)] dt
0 85(1,06* 85<1,t)5*

For a given 7 € [0,1], the above integral can be interepreted as the Lebesgue measure of the
fraction of the hyper-ellipsoid £1_;)c- lying inside the subspace ®F. However, we note that the

definition of n*(z, ) implies that the integral |, o0 Nt (z, a)dz is positive if and only if at least

—t)e*

half the surface of 9€(1_;e-, as evaluated by the Lebesgue measure, belongs to the subspace oF.

Gathering all elements developped above and plugging into (6) yields the following expression:

1 * 1
Ploxia) 200 = 5 + 5 (Walmlae' ) + [ Walrlae’ pjar ) ©

, where we use the auxiliary functions ¥; and ¥, defined as follows to lighten the notations:

ey elwa) [T Ndr
Uy (7_0|0[7e v/J') = |90(/J'7a)|/0 M(g(l—"')i )d (8)

W (o) = [ [ / L e <z>] dt (9)

Note that Uy (7|a, €, i) can be expressed recursively through the following equation:

Uy (7 + dr|a, €, p) = Us(|ay, €, ) + / nt(z, a)du (z)] dr
OE(1— (r4dr))e




2.2.3 Extension to mixture distributions

The above approach can easily be extended to mixtures of elliptical distributions. A mixture dis-
tribution is a linear combination of component probability distributions. Let K € N*. The weight
given to the k—th component, also called mixing probability, is noted mp,1 < k < K, such that
0<m, <1 If Y, m =1, then the function ¢x(x) defined as follows is a valid probability density

function:

K
gx(x) = Zwk x Qg ((x — )T (x — pr)) Zwk X gk (
k=1

, where Qi € R, p;, € R” and ¥j € R"*". Consistently with previous notations, we define for
e € R*T the hyper-ellipsoid as 0y, = {x € R" | gi(x) = €}, with interior corresponding to the
closed set £ic = {x € R™ | gi(x) > €}, for 1 < k < K. Following equation (7), the probability that

(%, ) is greater or equal to 0 when X follows a mixture of elliptical distributions is:

TRES ! .
]P)(QD(X’ =35 +Z Mok ( k Tk 0|Ot elmu/k) / \Pg(7|a7€k7uk)d7 (10)

Tk,0

, where the specific parameters €}, and 75,9 are computed in the same manner to their general

counterparts and the auxiliary functions ¥4 and W% are defined as follows:

T (m0la, €k, py) = Z’W ‘/ 5k 1-7)er )d (11)
ko &

W (7l 6 pig) = / [ / 0" (2, 0)du <z>] ar (12)
0 &y, (1-vyer,

2.3 Closed-form expression for the Lebesgue measure of &,

From the definition of an hyper-ellipsoid, we can derive the exact Lebesgue measure of &, noted
1 (&), by recovering its canonical form equation. If the precision matrix >~ ! is not diagonal, an
additional diagonalisation step is required. Every semi-positive matrix »~! can be decomposed
as ©7' = VA7'V” where the diagonal matrix A~" = diag(A\[!,---, A7) € R™ " contains the

eigenvalues of X!, and V € R™ " is an orthogonal matrix, which satisfies VI’V = 1. The hyper-

ellipsoid corresponding to g (XTZAX) —eex'yS x= lg~! (eQ’l) | can be written in canonical



form as follows:

XIS % =xTVA ' VIx = (VIx)TAT (V%) = yTA ly = g7t (e 1) |

, where the absolute value ensures the right-hand side of the above expression is positive. Finally,

we obtain the desired expression:

1 TA—1 - Yi
T Y A y=1l—
g~ (e271) | ;[ Ailg L (eQ 1) ]

The volume of the hyper-ellipsoid &, is then given directly given by computing the following

closed-form expression:

7.rn/2|g—1 ((1 _ T)E*Q—l) |n/2

W\ 1/2
& —T)e*) = Ai
M( (1-7) ) <lell ) X T (g N 1)

While the volume of £ can be calculated exactly, the integral taken on the boundary 9, in the

expression for W5 must however be computed by approximation methods. It is however possible,

when the derivatives of the function h(x) satisfy specific conditions, to simplify expression (6).

2.4 Specific case using the generalized Stokes theorem

The computation of ¥y can be greatly simplified for a subset of functions h(x). This requires the
use of differential forms, which provide a generalization of integrands such as surfaces and volumes
to higher-dimensional oriented manifolds. We refer to [13] for a comprehensive introduction to
differential forms. For k € N*| a differential k-form is a tensor of rank k that is antisymmetric under
permutation of any pair of its indices. For instance in R?, the expression v(x,y, 2) = v1(x,y, 2)dy A
dz+wvse(x,y, z)de Adz+v3(z,y, 2)dz Ady is a 2-form. The multiplication in the algebra of differential
forms is called the exterior or wedge product A. It is skew-symmetric, such that dz; A dz; =
—dx; A da;, which implies that dz; A dz; = 0.

We can now introduce the differential (n — 1)-form F(x, «), which is defined as follows:

Fy(x,a) = F y(x,a)dzs A - Adzy + -+ Fp p(x,0)dzy A+ Ada,—q

= ZFi,w(x, a)dzy A Adz_; A Aday,
=1

10



, where dz_; signifies that the element dz; is excluded from the wedge product, and F; (x, o) : R™ —
R, Vi € {1,--- ,n}. The exterior derivative of a differential form of degree k is a differential form
of degree (k + 1) and generalizes the concept of differential for functions to differential forms. The
exterior derivative of Fy (x, ), noted dFy(x, ), is thus a n-form. By using the alternating property

of the exterior product, we can get the following expression :

dFy(x, o) = ZdFmp(x,a)dxl A-osAdz_; A Aday,
i=1
_ OF 4(x, ) T OF, (%, )
3171 317"

)dxl/\---/\dxn

As by definition 7™ (x, @) cannot have continuous derivatives over its whole domain, we will ap-
proximate it by means of a smooth function 77;2 (x, ), where 1) € RT, such that limy_, 4o 77;;(’@ ) =
N (x, «). Then, assuming there exists Fy(x, «) that verifies (V-Fy)(x,a) = nqj(x, o) and since the

hyperellipsoid is a smooth manifold, it follows from the generalized Stokes theorem that:

/ sz/ dez/ my (13)
o€ Ee £

€

The expression in (10) can then be reformulated as follows:

1

P (p(x,a) >0) = % + % (\Dl(TIm,a,eW) +/ \113(T|a7z/J,e*)d7') (14)

70

Vs (7|, 1, €) :/ Fy (15)
88(1—7’)6*

For any a € R, let us consider the couple of real-valued functions 77;2)'(-,04) : R" — R and

Ey(-,a) : R™ — R, such that nqjj(x,a) = tanh (¢ X ¢(x,a)) and Ey(x,a) = logocosh (¢ x o(x,a)).

Our definition of 7y (-, ) satisfies both the necessary conditions required for the application of
the generalized Stokes theorem and limy 40 77;2 (x,a) = nt(x,a). Then, we can easily prove that
if the function h(x) is a multilinear polynomial, there always at least one differential (n — 1)-form

F,(x,a) such that the necessary conditions for the application of the generalized Stokes theorem

11



are satisfied, with components defined as follows:

-1
Fy(x,a) = [ﬂl (z/; X 8905};,@)) Ew(x,a)] dei A---ANdz_; A+ Aday,

, with 8; e Rand Y1, 8; =1,

Proof: By definition of a multilinear polynomial, all repeated second derivatives of h(x) are null,
0%h 0%p(x,

(2><) PN <P(X2 a)
O0x; Ox;

the definition of F; (%, a), we can develop its partial derivative with respect to x; (we ommit the

so by linearity we have the following implication: = 0. Then, using

dzy A---Adx_; A--- Adz, term to make the proof more readable):

OFiy(x0) _ o [w 0 (W)le(x,aH(waw(x,a))l 5Ew(x7a)]

ox; ox; ox; ox; ox;
8¢(x,a) - aEi/J(Xv a)
61 <w x 6l‘i 63:1
_ dp(x,0)\ dp(x, a)
— i (< 22 wx 2D sy ()
= Bi x ny(x, Q)
It follows that:
n n
OF; »(x,
(VP 0) = 3 P00 _$h g x,0) = )
i=1 ’ i=1
It immediately follows from the above result that, for any real-valued function h(x), if there
9?h
exists at least one i* € {1,--- ,n} such that 3 (2x) = 0, the differential (n — 1)-form F(x, @) with
2.
dp(x,a)\ !
components defined as Fj+ (%, o) = (w X 333,> Ey(x,a)| dziA---Adz_i= A+ - Adz, and

F; 4 (x, ) = 0 for i # i* satisfies the necessary conditions for the application of (12).

12



3 Computation strategy

For each ¢ > 0, we propose to approximate the integral in ¥y by uniformly drawing points on
the boundary 9&.. Indeed, the integral of the function n*(x,a) on A&, can be interpreted as the
expectation of the random variable n™ (U, a), where U is a random vector with uniform distribution

on the unit sphere.

3.1 Approximation via uniform sampling on the unit sphere

Before going further, let us first introduce a few additional notations. Let the positive scalar ||A||so
correspond to the largest element of the eigenvalue matrix A. For € > 0, the length of the principal
semi-axis of the hyper-ellipsoid €, is then equal to v/[[A]lec]g~! (€Q-1)|. We finally define the unit
sphere in R" centered on zero as S(0,1) = {x € R"|||x||3 = 1}.

Let x € S(0,1). Then, we have by definition:

T
x'x=1= (21/2){) »-! 21/2)() =1

—> (ze(x,6) —p)" B (ze(x,6) —p) = g7 ()|

, where zpg(x,€) = /[[Moc]g™? (Q 1) [=Y2x 4+ p. Thus, x € S(0,1) = zoe(x,€) € IE..
For ¢ > 0 and because the variance-covariance matrix 3 is invertible, the linear transformation

Zoe (- €): R" — R™ admits an inverse z,, (-, €): R" s R™, defined as follows:

1
VI eolg T (T |

Using tools from measure theory, we can use the following result to reformulate the integral in

zggl (x,€) »1/2 (x—p)

expression (9) as a simpler integral on the unit sphere S(0, 1).

Proof: See Appendix.

Proposition 2: Let (S,Ss) be a measure space defined on the surface of the unit sphere S =
S(0,1), where Ss is the o— algebra of subsets of S(0,1). It is equipped with the Lebesgue measure
us; on Ss. We further define the measure space (9, Spe.) corresponding to the hyper-ellipsoid 9&,,
equipped with the measure ppe, . Finally, for € > 0, let ¢: S(0,1) — 9& be a bijective map such
that its inverse ¢! exists.

Then, we have the following result:

13



</0£€ n+dﬂ&> </a€5 d/igf)l = </S(0,1) (n* o ¢) d,uss> (/5(0,1) d,us§> -1

Proof:

Given measure spaces (X, Mx) and (Y, My ), a measurable function ¢: X — Y and a measure
function p: Mx — [0, +00[, the pushforward of measure p by ¢ is defined as the measure ¢,u =
u(p=1(A")), VA’ € My. If ¢ is bijective, then there exists a measure function w: My > [0, +00]
associated to the measurable space (Y, My) such that w = ¢*u = (¢71)_ p. The measure w is

defined as the pullback measure and corresponds to the adjoint of the pushfoward measure ¢, .

Let ¢ = zpe(-,¢), such that we have & = ¢(S(0,1)). Using the above notations and noting

1= pe,, we obtain the following series of equalities:

/ ntdp = / ntdp
0. $(5(0,1))

— [ ted)d@n)
5(0,1)

:/ (n+o¢)|detJ¢|du
$(0,1)

- ’det (\/II/\Iloolg‘1 (e271) |21/2)

x / (n*oo)du
5(0,1)

= |22 % g7 ((1 = 7)e*Q71) [™/2 x | det VAY?| x /S(O ! (n" o ¢)du

= A2 % g7t (1 = 7)€ Q7Y) [7/2 x det AV x /S(O ! (n™ 0 ¢)du

, where we use the property that the determinant of an orthogonal matrix is either equal to 1 or
—1 and the fact that det VA2 = det V x det A'/2. The matrix J4 corresponds to the Jacobian of

the function ¢. Similarly, we have:

/656 dp = /S(OJ) d (¢ )

= / |det Jy|dp
5(0,1)

)

= L g™ (1= )0 ) 2 s den AV o

14



Gathering the above elements, we obtain the desired result.

For a given o € R and € > 0, we use the shorthand n* o zpe £ nt (zge(x, €), @) in the absence of
ambiguity in notations. It is then possible to rewrite expression (9) uniquely in terms of integrals

computed on the unit sphere S(0, 1):

—1
(0
U, (T|a7 6*?11') = / alu (5(17t)6*) X l/ (77+ o Z@E) d:“’Ss] X [/ dMSS] de (16)
0 $(0,1) 5(0,1)

We can finally formulate Wy (7|79, @, €%, pt) as the expected value of the function n* (zse (U, €), @),
where the random vector U follows a uniform distribution on the unit sphere S(0,1). Given the
measurable space (S, Ss, ps;) defined on the surface of the unit sphere S(0,1), the random vector
U follows a uniform distribution on S(0,1) with respect to us, if for any subset A € Ss, we have
P(U € A) = us.(A) x us,(S(0,1))~L. Tt follows that the probability density function p of U with

respect to pus; is:

p(u) = ( /S - dMss(u’)> (17)

, where u € S(0,1). Gathering all elements, (9) can finally be expressed as a function of the

expectation of T o zge over the unit sphere S(0,1):

E [ (z¢(U, )] = /S o e, p)] dps ()

1
- / 0+ (ze (1, €), @) dps, () x ( / duag(ll’))
S(0,1) $(0,1)

= Uy (T|’7’0, a7€*7/~l’) = /OT (gtﬂ (g(l—t)e*) x E [77+ (ZS (Uv (1 - t)E*) s O[)]) dt

5| [ (GuEasne) <ot e U.0 - 0) ) o
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3.2 Sampling method

The following subsection proposes an uniform sampling method to approximate the inner integral in
expression (16). We use the fact that due to the rotational invariance of the spherical Gaussian dis-

X
tribution N'(0,1,,), where I, € R™*" is the identity matrix, the vector W is uniformly distributed
X|l2

on the unit sphere, x ~ A (0,1,,).

We may further exploit the multiple symmetries of the hyperellipsoid by defining the vector
of ones J, = (1,---,1) € R and the vector L = (1,—1) € R2. We introduce the matrix
W € R"*?" | with i-th row W, . defined as follows:

Wi7. = J2n7'i RL® J2i—1 (18)

, where ® is the Kronecker product. We observe that Vj € {1,---,2"}, if x € §(0,1), it follows
that zg (x o W 5, &) =7z (x 0 W._;,€) = z¢ (x, ) =7 ze (x,6) = [g ! (e271) |, s0zg (xo W j,€) €
0&.. From a geometrical perspective, for each Vj € {1,---,2"}, the vector zg (x o W. ;, €) corre-
sponds to a given (non-unique) composition of reflections through the hyperplanes respectively
spanned by the eigenvectors of 37!, For instance, for n = 2, the vector zg (xoW.2,¢€) (resp.
zg (x o W. 3,€)) corresponds to the reflection of z¢ (x,€) through the hyperplane spanned by the
eigenvector associated to Ay (resp. A2). Thus, it would only be required to sample N e N points on

the unit sphere to obtain a sample of size N = 2" x N.

3.3 Estimators formulation
Let (uy,---,uy) be a sample of size N of iid random vectors following a uniform distribution on

the unit sphere, i.e. Vi € {1,---, N}, u; is drawn from U, where U ~ U(S(0,1)). For 7 € [0, 1], we

define the following estimator to approximate the inner integral in expression (9):

N

* 1 *
T(T‘ulf" , UN, € 705):N Xu(ag(lf‘r)e*) X;U+(Z£(ui,(1_7)€ ))
Proposition 3: The estimator Ty (7|e*, ) = T (7|uy,--- ,un, €*, ) is consistent in probability,

that is:

Ve > 07 (|TN(T|€*3O‘> —E [77+(Z5(U76)7O‘)] | > 6) =0

lim P
N—+oco
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Proof:

We start by showing that T (7]€*, ) is an unbiased estimator of (9). Asuy,--- ,uy are indepen-
dent and identically distributed random variables, it follows from the weak Law of Large Numbers
that:

N

NxZn*(Zg(ui,(l—T) ) == E [t (z¢(U, ), )]
=1

Proving unbiasedness requires in addition proving that the variance of the estimator is uniformly
bounded. First, it follows from the definition of n* that —1 < E[n*(z¢(U,¢€),a)] <1 = 0 <
E[n*(ze(U, e),a)]2 < 1. Similarly, it is straighforward to show that E [(77+(Z5(U, e),oz))ﬂ = 1. For
clarity and without loss of generality, let us assume that u (85 (1_7)6*) = 1. Then, we can decompose

the variance of our estimator as follows:

V (Tn(7]€*, a) (xZn ze(u;, (1 —7)e )))

— x Zv (ze(u;, (1 — 7)e%)))

N
:% x V (n*(ze(uy, (1 —7)e)))
_ N ( [ (z¢ ul,e),a))z} —-E [77+(Zg(uh6)704)}2>
<y

It follows that for any N > 0, V(Tn(7|e*,)) < 1 so our estimator is unbiased. Furthermore,
as limy 400 V(TN (T|€*, ) = 0, our estimator is mean-square consistent, which finally implies

consistency in probability.

Let J € N,J > 0 and define AT = J~1. We further note 7j (we assume 7§ < J to avoid trivial
results) as the largest integer such that Vx € £;_,y)-, we have nt(x,a) = 1if p(p,a) > 0 (resp.
nt(x,a) = =1 if p(p, @) < 0). Then, the auxiliary function ¥; defined in (8) can be approximated
by the following function:
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, . )
‘1’1](7'6]\%6 Jp) = W X H (5(17jA7—)e*) AT
det A2 x g

)
D

In a similar fashion, the auxiliary function ¥y defined in equation (16) is approximated as follows:

xZ|g H(A-m)e )|"/2

J
\Pg(j|N7a7€*aN) = Z T(j/AT|u15"' aque*va) AT

j'=1
1 J
jz_: (j'At|ug, -+ ,upn, €, )
For j < J, the expression i (9€ (1_re+ ) is approximated as (1 (€1 j+nyane) — 1 (Eq—jare)) AT!

Finally, the expression for the probability of the event (¢(x,«) > 0) in (10) is approximated using

the following expression:

<

P (p(x,a) 2 0) = 5 + & | (75|, ¢, ) Z (N, a, €, ) (19)

1 €
2 2

, where we have limy j_ o0 Pn,s (¢p(x, ) > 0) =P (p(x, @) > 0).

However, as the density function of the random vector X takes strictly positive values for any
vector in R™, it implies that lim._,o p (€) = +00 = lim,; 1 T (7]uy, - -+ ,un, €, @) = +oo. Thus,
the above expression is numerically undefined and needs to be expressed under a suitable form to
allow numerical calculations. First, we note that P (¢(x, ) > 0) can be rewritten under the following

form:

J—1 1
1 € N 1 . N N
]P(QD(X,O() ZO) = §+§ \IIIJ(T(3]|a76 7M)+jz\]?g(.7|N7a>e 7N)+/(J na \PQ(T‘ave 7“’)d7- téanN,s
Jj=1 YAt

, where €, n,7 is a random variable corresponding to the approximation error, with E [ n 7] = 0

because of the unbiasedness of our estimator, and imy, j 400 V[, n,7] = 0. While the random term
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vanishes by taking the expectation, the integral term is deterministic and thus introduces a systemic
error if not properly accounted for. Recalling the definitions of ™ and W5, we derive the following

double inequality:

_ /OT [/35(106* du (z)] dt < Uy (7], €, 1) < /OT l/ﬁfut)e* du (z)] dt

1 1

Uy (T]a, €, ) dr < / I (5(1_7)6*) dr
(J-1)AT

(J-1)AT 1 (J-1)AT
= —|1- e*/ p(Eq—mye)dr | < e*/ Uy (7], €, ) dr <1 — e*/ p(Eqoryer)dr
0 ( 0

J-1)Ar

The term of the left-hand and right-hand sides of the last inequality corresponds to the remaining
probability mass that is not captured when summing W (j|N, «,€*, u) for j € {1,---,J —1}. As
all terms are finite, there exists a constant ( € R, —1 < ¢ < 1, such that:

1 (J-1)Ar
€* / Uy (t|a, e, p)dr=¢ |1 —¢€ / p(Eqoryer)dr
(J-1)AT 0

* J—-1 (J-1)AT
1 € * 1 . * *
:>P(@(x7a)20):§+5 U (1|, e ,u)—&—jz\llg(ﬂ]\f,a,e ) +g<1—e /0 ,u(é’(lf)é*)d7> +ea,N,J
j=1

Finally, we can reformulate (19) into the following well-defined expression:

I (N 12, ¢ (J-1)Ar
P,y (p(x,a) >0) = 5‘*'5 Wy (75 \a,e*7u)+jZ‘I’2(]|N,a,e*,u) +§ 1_5*/0 1 (E—ryer) dr
=1

(20)

, where we choose ( = T ((J — 1) At|uy, -+ ,un,€,a) X u (85(1_(J_1)AT)€*)71. We leave the

investigation of more adequate approximation strategies for ¢ open for further research.
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4 Numerical application

In this section, we perform a series of tests using univariate polynomials of (dependent) random
variables, where the random vector X has dimension n equal to 3, 6 and 10. We assume X follows
a multivariate Gaussian distribution, which allows us to directly and simply express the probability
density of h(X) under closed-form and compute the exact value of P (p(x,a) > 0). We assume
the random vector X has zero mean and draw a random symmetrical matrix corresponding to the
variance-covariance matrix for each n € {3,6,10}. As a benchmark, we directly draw samples of
(x1,- -+ ,xn) from the density function of X and compute the proportion of draws x;, 1 <i < N

such that ¢ (x;,a) > 0. We will subsequently refer to this approach as the reference method.

We vary N from 2° to 2% and J from 250 to 10000, using step sizes equal to 32 and 250
respectively. For each combination of N and J and a € {—16,—8,—4,0,4,8,16}, we execute 100
iterations for the calculation of P (¢(x, @) > 0) using our method and the reference method. This
allows us to calculate the empirical bias (defined, for a given sample size N, as the average difference
between the estimated value and the true value) and variance associated to each estimator and

ultimately compare their performances, by computing their respective ratios.

Before performing comparisons between the two methods, we verify that the estimator corre-
sponding to expression (20) is indeed consistent. For n = 6 and a = 4, Figure 1 below displays
the distribution of estimates for P (p(x,a) > 0), by respectively holding constant the number of

level-sets J and the number of samples N.
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(a) J fixed (J = 5000)
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(b) N fixed (N = 1000)

Figure 1: Distribution of estimates for P (¢(x,a) > 0) (n =6, a = 4)

As obseved in Figure 2, our method consistenly exhibits median bias ratios below 1, for all «
and n. We find that the bias associated to our method is on average 14.2 % and 2.7 % lower for n

equal to 3 and 6 respectively across the different values of «. For n = 10, although more than 50
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Figure 2: Distribution of the bias ratios (own vs. reference method)

% of simulations exhibit lower bias, the presence of outliers skews the distributions of ratio to the

right and yield higher bias on average.

i
b

Alpha value

Figure 3: Distribution of the MSE ratios (own vs. reference method)

Figure 3 displays the distribution of MSE ratios. Quite strikingly, our method exhibits lower
MSE values than the reference method for at least 75 % of (N,J) combination when |a| > 0.
Actually, we observe the MSE differential increases with higher values of « in absolute terms. For n
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equal to 3, 6 and 10, the MSE is on average 30.4 %, 21.2 % and 9.8 % lower accross all values of .

We should note that the bias and mean squared error are likely to be overestimated as we execute
a single draw for the sample (uy, - - - ,uy), which is used for the computation of T (jAT|uy, - - ,un, €, @),
Vi e {1, -, J}. Indeed, for any couple (4,5') € {1, -+, J}, the estimation errors for T (jAT|uy, - ,un, €, @)
and T (j'At|uy, -+ ,up, €, ) will be positively correlated, such that the aggregate estimation error
will be greater compared to a situation where we would use a distinct sample for each separate esti-
mate. However, resampling from U for each j may significantly increase the computation time of our
algorithm, which would require code optimization and the development of decomposition methods
using symmetries of the hyperellipsoid to decrease resolution time. We leave these issues for further

research.

5 Conclusion

As illustrated above, this novel method provides significantly better CDF approximation perfor-
mances compared to the direct approach, both in terms of bias and MSE. These results are especially
encouraging as we are likely to overestimate the bias and estimation error because of a non-optimized
sampling procedure. Although reasonable, the computational time may also be greatly reduced, by
taking advantage of the multiple symmetries of the hyperellipsoid which allow for decomposition

approaches.

The presented methodology may actually be considered as a specific application to elliptical
distributions with explicit density functions, and may be generalized to any continuous probability
distribution for which the Lebesgue measure of their iso-density hypersurfaces, for any € > 0, can be
computed under closed-form. The specific interest of elliptical distributions lies in their ubiquitous
use in robust statistics and risk analysis. The expression in (7) may likewise be generalized to
any continous multivariate distribution which iso-density hypersurfaces correspond to an injective
mapping from the unit sphere. However, the application of non-linear mappings may require the
evaluation of difficult integrals on the unit sphere, which do not necessarily admit a closed-form

solution.

An obvious link may be established with level-set methods (see [14]) from the fields of computer
vision and 3D image reconstruction. [15] propose a specialized reparameterization technique for
differentiable optimization that augments the ray tracing method, which is then combined with
signed distance functions to formulate an original physically-based differentiable rendering method.
The authors further establish an interesting connection between their reparameterization method

and the application of the divergence theorem for integrals over the unit sphere in 3D (see [16]).
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Surface reconstruction from oriented point clouds is a fundamental research problem in computer
graphics. It strongly relies on implicit surface representations, where a shape is implicitly defined as
the zero level-set of a specific scalar field. [17] propose to incorporate the normal vector data from
sampled points to directly approximate the implicit function defining a surface S within a bounded
volume V' as a smooth approximation of the signed distance function to S. The vector field is then

constrained to be the gradient of the implicit function.

Our approach uses the function 7 to assign an orientation to points sampled on the boundary of
the hyperellipsoid £. We neglect valuable information on their signed distance with respect to ®,,
as well as their normal vector data, coupled with prior knowledge of h(x). Our future work will thus
seek to integrate these insights from computer graphics and computational geometry to provide a

generalized and more efficient formulation of our algorithm.
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