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Our target : numerics for transport equations

Motivations e Transport equations
afl(ta X, Q) +Q- v’(ta X, Q) = 70—3(X)I(tv X, Q) + US(X) (|I| - I(t7 X, Q)) )

Coefficients o,, 05 a often constant per sud-domains but discontinuous
(neutrons, radiation, ...)

e Need simplified reduced models.
e The 5, model is
Oruj +a; - Vuj = o5(x) (U — uj) —oa(X)u;, 1<i<n,
where U = Lﬂ*’”” is the mean value.
e The P, model writes : let I, = [ I(t,x, 2)Q2°dQ

Ocly + V- Ipp1 = —(02 + 05)(X)lp + 0poos(x)l, 0< p<n
I € P,(Q).
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References (1926 Trefftz seminal paper)

Trefftz-DG

Trefftz methods for time harmonic wave problems :

- PUM (Partition of Unity Method) : (Melenk, Babuska, 96')

- UWVF (Ultra Weak Variational Formulation) : D. (94'), Cessenat-D. (98'), Monk-Huttunen and al (a
series, last one 14’), Gittelson-Hiptmair-Perugia (09), ...

- DG (Discontinuous Galerkin), Weak DG : Monk-Buffa (08'), Hiptmair-Perugia (09),
Hiptmair-Moiola-Perugia(94), . ..

- GPW (Generalized Plane Waves) : Imbert-Gérard-D., Imbert-Gérard (15'), ...

- Enrichement : Farhat and al (ex : The discontinuous enrichment method for multiscale analysis 03"), (14'),
- Trefftz : Hiptmair-Moiola-Perugia (15'),

Growing interest of Trefftz methods for time dependent problems :

® Macia-Sokala (11'), Trefftz on a single element

® Petersen-Farhat-Tezaur, Wang (14’), DG with Lagrange multipliers

o Egger-Kretzschmar-Schnepp-Tsukerman-Weiland, (15'), Maxwell equations (1D)
o Kretzschmar-Moiola-Perugia-Schnepp (15'), analysis

e Farhat (14’), space-time special DG
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Friedrichs systems with relaxation
Unknown is u € R" : for time domain problems, Ay = I, and xo = t

Trefftz-DG d .
oo Aidiu = —R(x)u, in Q,
M u=M"g, in 090,

Qe

Qs
Example n=2and d =1

Otp + £0xv = —0ap,
8tV + gaxp = _(Ua + S)V7
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DG

Define the finite dimensional broken polynomial space of polynomials of d
Trefftz-DG variables, of total degree at most g

Pu(Th) := {v € L*(Q),vq, € P§ YQ« € T} C H'(Th).

Definition
The standard DG method for Friedrichs systems is

find up, € Py(Th) such that

( 1)
apc(un,vh) = I(vk), Yvi € Pu(Th).

- By construction, the scheme is implicit.
- It can be solved one time step after another.
- It can be run explicit.

- Ern, Guermond : Discontinuous Galerkin methods for Friedrichs’ systems, 2006.
- Guermond, Kanschat, Ragusa : Discontinuous Galerkin for the radiative transport equation, 2014.
- Cheng, Shu : High order positivity-preserving DG methods for radiative transfer equations, 2016.
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TDG

Trefftz-DG For L =3, Aidx + R(x), take a Trefftz space
V(Th) = {v e H(Ts), Lvk =0 Y € Ti} € H'(T3).

For all u,v € V(T5) : one has [, (L"vi) Tue = 2 fo, v/ Ruy ; we set

aT(u,v):—ZZ/X (M,;Vk—i-MEVj)T(uk—Uj)—Z/X v[Mk_uk.
ki k kk

Kk j<k

Definition
Assume Vi (Ty) is a finite subspace of V(Tp). The TDG method is

(2)

find up € Vi(Th) such that
aT(uh,vh) = /(Vh)7 Vv, € Vh('ﬁ,).
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Trefftz-DG

TDG basis : a simple example

- Consider the stationary P; model in one dimension

0xv = —0ap,
ﬁaxp = —0tv, Or=05+ %
The unknown is u = (p,v)".

- Take solutions as ze™* one gets A by solving det(Ai1A+ R) =0 :
VAW N~ _ (Vo) o & Ve

ei(x) = ( Jos e , e(x) = o, e .

In this case, e1» € Pi(x)? and Span(V) = {e1, e} ¢ Pi(x)%

- If 0, =0, there is a degeneracy.
Take e1(x) = (1,0)7 and ex(x) = (—eo:x, c).
In this case, e12 € Pi(x)? and Span(V;) = {e1,ex} C Pi(x)°.
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TDG basis : 2D

Trefftz-DG

{Zv ~v(t,x) = —oa(x)p(t, x),

[
B
with the unknown u = (p,v)” € R,

(010
A=-110 0], A
f\o 0o o

Proposition (A first family of basis functions)

Take dx = (cos(ék),sin(px))” € R?, ¢ # 0 and assume constant
coefficients o,,0¢. Consider
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TDG : h-convergence

Proposition (Convergence in the dominant absorption
regime: e =1, 0, >0, 0, > 0)

Trefftz-DG

Consider prpc = 2n + 1 basis functions
lu—unll2@) < Ch"’1/2\|u||Wn+1,oo(Q),

with h = maxq, eT;, hx, he = diam(S2).

order | 1/2 [ 3/2 [ 5/2 | 7/2 | 9/2
PTDG 3 5 7 9 11
ppDG 3 9 18 30 45
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Diffusion asymptotic regime

More
numerical
results

For the P; model, the diffusion AP regime is

1
dp— V- (ivp) —o.
os(x)
At the level of principles, TDG capture (in the cell) AP regimes by
construction.
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AP

In 1D, TDG with 2 basis functions reduces to

n+1 n
o p ntl
b+ ﬁ[“’kﬂ +2pk = Pr—1+ (L — a) (Vi1 _Vk—l)] =0,
More 2 v"+17v£ 5
numerical U+ ) Eg + 35 [fl(‘/kﬂ +2vi + vi—1) + (—Viert + 2vi — vk—1)
n 1
results H1 4 )P — pe-n)] " = =B

It is an new scheme (# Jin-Levermore, # Gosse-Toscani). We proved it is
AP using formal Hilbert expansion.

3 o015

’ " Random mesh
1 o with 20 nodes
. . dt = 0.01/20.

o0 ~
0 01020304 0506070809 1 0 010203040506070809 1

- In 2D, no proof, but numerical tests = TDG yields diffusion-AP schemes:
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P; : boundary layer

Exterior : 0s = 2 and o, = 0. Interior : 0 = 10° and o, = 2.

More
numerical
results

8,4d60-01
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From left to right :

not shown : DG scheme with 3 basis functions per cell=FV,

DG scheme with 9 basis functions per cell,

TDG scheme with 3 basis functions per cell,

TDG scheme with 5 basis functions per cell

and reference solution.

For the TDG method the 4 directions at the interface are locally adapted.
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Cut

One dimensional representation of the variable p at y = 0.5.

More
numerical 0o — 00 S—
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Left : comparison between the DG method with 9 basis/cell (cross), the TDG method with 3 basis/cell
(circle) and the TDG method with 5 basis/cell (square). In both cases the directions at the interface in Q;
are locally adapted into the 4 directions.

Right : TDG method with 5 directions only (cross) versus TDG method where the 4 directions at the

interface are locally adapted.
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P1/1D/non stationary

Idea : add basis functions with time dependance
Particles injected on the left
More

numerical
results

T
reference solution
Stationary O

DG
TDG stationary and polyExp %

Accuracy at the foot of the wave much better with time dependent basis
functions.
L
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P1/2D/non stationary

Time dependent test case from Brunner : source in the center.
Additional basis functions : 1 for the source + time dependent functions.

More
numerical
resuus .
fr e g -
ref=DG TDG stat. basis functions

e S - ——
TDG full set basis functions TDG full modified set basis functions

Logscale, 140 x 140 cells, t = 0.02
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P, : general case

The stationary Py (N odd) model writes
More (15) (Alax + A28y) u(t,x) = —Ru(t,x),

numerical

results with u € R™, A1, A2, R € R™, 01 = €205+ 0. The matrix R := Lol — Zere] isa

diagonal matrix. Moreover the matrices A;, Az and R have the following block
structure [Hermeline, 2016]

(0 A (0 B (R O
o a=(a 0) =(or 5) A= (T R)
where A, B € RMXM2 are rectangular matrix and Ry € R™M XM R, € RMXM2 are
diagonal matrix.
Proposition
Let o+ > 0. Assume the matrix (AAT)~1R; admits v1, ...,vm, € R™ eigenvectors
associated with the eigenvalues i1, ..., im,. Let w; = —¢ g—:ATv,- € R™,
zi = (v,-T, w,-T)T € R™ and dy = (cos Ok, sin ;)T € R2. Then the following functions
are solution to the Py model (15)

(€)k(x) = Up,zie e VIF@®) =1 .. my,

where Uy, is an orthogonal matrix.
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Ps : basis functions

More
numerical
results Example

For the P3 model one has m; = 4 and denoting \; = é,/atu,- the eigenvalues write
7 os Os
AL = 3(60‘3+;), Azz\ﬁ(so’aqL;),

A3 = V P(O'a;(fs) + v q(Ua,Us s Ag = V P(Uayo's) -V q(Ua,Us)y

where p and g are polynomial of degree 2.
Since dim Ker(R1) — 1, there exists one eigenvalue y; such that y; — 0.
o,—0 o,—0

There exist q;(x) polynomial solution to the Py model (15) when o5 = 0. The
functions gk (x) and qak+1(x) are polynomial functions of degree k and can be
construct using recurrence formula.
There exists &, ..., 8511 linear combinations of the functions (e;)1, ..., (€;)2n+1
such that &y — gak(x) and &41 = Qos41(x).

Example

For the P; model the first functions q; write

1 —%x -3y
q=|0}, q= 1 , 43 = 0 y e
0 0 PR VT S e mar e
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Ps : test case

More

numerical

results We consider a one dimensional test on the two dimensional P3 model.
Consider = [0,2] x [0,0.1], ga(x,y) =2 x 1 1)(x), 0s(x,y) = 100 x 1j3 (x).
For the boundary condition we take A~ u = §p(x).
For each solutions we take 4 directions perpendicular to the edges. This give a
total of 16 basis functions.

o soion
Blanams
oo he%eE: &

[ 08 1 12 14

Figure: One dimensional view of the scalar flux, zoom on [0.5,1.5] x 0.05. Comparison between
the DG and TDG method. Random mesh with 20 x 5 cells.
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P3/2D rucRY

More
numerical
results

. .
IR S O4 06 SI0 Al G2 0 06 MENON TR 0 04 08 0led
DG Trefftz ref. solution

Implementation C++ code by G. Morel :

- P1/P3, 1D/2D, stationary/non stationary,

- Viennagrid (mesh manager) : meshes > 320 x 320 for P1, meshes until
160 x 160 for P3,

- linear solver : Eigen/Trilinos, ...
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Motivations
Trefftz-DG

More
numerical
results

On going : P3 for the Brunner test
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A conclusion

More

numerical @ Pros :

results

TDG incorporate a priori knowledge in the basis functions.
Easy to incorporate in DG codes since one only needs to
change the basis functions and use ad-hoc quadratures.
Often need less DOF than DG to reach a given accuracy.
Outperforms DG for problems with boundary layers.

(]

]

@ Cons :

e The practical calculation of the basis functions adds to the
computational burden.
e Poor linear independence of the basis functions.

Morel + D. + Buet : TDG method for Friedrichs systems : application to the P; model, HAL 2017.

I
MaNu 2017 p.21/21



	Motivations
	Trefftz-DG
	More numerical results

