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High-Performance Computing - Parallel Computing

Context :

Development of massively parallel machines

Solution of large scale PDEs’ based problem

New architectures −→ evolution of strategies and algorithms

Based on Divide to Conquer paradigms

Specificities of UQ problems (forward problem).

Objectives :

Acceleration and implementation of (UQ) solvers on massively parallel machines

Domain decomposition method

Incorporate resilience properties into algorithms (exascale machine)

Focus on two contributions
1 Parallel DD method for stochastic fields decomposition
2 Parallel DD method for Monte-Carlo sampling in elliptic problems.
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Stochastic Elliptic Equation

Generic model
∇ · (K (θ)∇U(θ)) = −f (+BCs)

Coefficient K is uncertain

Model problem appearing in multiple domains : porous media flow, elasticity,
thermal sciences, electromagnetism, . . .

Extensively analyzed and used for benchmark

The (now?) classics : [Ghanem & Spanos, 1989]

Parametrization of K (θ) using a finite number of RVs KL expansion
Exploit the smoothness of U w.r.t. the RVs to build spectral expansions
Possibly very high-dimensional problem (number of RVs)

Sparse grid, PGD, low rank, adaptive constructions, . . .

The current questions :
Parametrization

New architectures −→ evolution of strategies and algorithms
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Stochastic field K (x , θ)

Consider a bounded spatial domain Ω and an probability space (Θ,ΣΘ, dµ).

Let V(Ω) is an inner product space,

∀u ∈ V, ‖u‖Ω = 〈u, u〉1/2
Ω <∞

and L2(Θ) the space of 2nd order random variables

∀u ∈ L2(Θ), ‖u‖Θ = 〈u, u〉1/2
Θ = E

[
u2
]1/2

<∞

Let G ∈ L2(V,Θ), i.e. 2nd order stochastic process G

Separated representation of G(x , θ) :

G(x , θ) ≈ GN(x , θ) =
N∑

l=1

φl (x)ηl (θ),

minimizing the truncation error

ε2N = min
{φl ,ηl}

E

∥∥∥∥∥G(x , θ)−
N∑

l=1

φl (x)ηl (θ)

∥∥∥∥∥
2

Ω
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Karhunen-Loeve expansion

The optimal representation is given by

GN(x , θ) = E [G(x , ·)] +
N∑

l=1

√
λl Φl (x)ξl (θ).

where

(λl ,Φl ) are the eigenpairs of the covariance function

C(x , x ′) := E
[
G(x , ·)G(x ′, ·)

]
− E [G(x , ·)]E

[
G(x ′, ·)

]
,

satisfying
〈C(·, x ′),Φl (x ′)〉Ω = λl Φl (x), ‖Φl‖Ω = 1.

C is symmetric and non-negative such that λl ≥ 0 and the KL error is

ε2N = E

∥∥∥∥∥G(x , θ)− E [G(x , θ)]−
N∑

l=1

√
λl Φl (x)ηl (θ)

∥∥∥∥∥
2

Ω

 =
∞∑

l=N+1

λl .

Bi-orthonormal decomposition : 〈Φl ,Φl′ 〉Ω = δl,l′ and E [ξl , ξl′ ] = δl,l′

G Gaussian⇒ ξi iid N(0, 1)
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Illustration of the spectral decay

C(x , x ′) = exp(−(x − x ′)2/2L2), Gaussian field
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Stochastic Elliptic Equation

Log-normal field K (θ) approximated by truncated KL expansion of its log :

K N(x , ξ(θ)) := exp
[
GN (x , ξ)

]
, ξ = (ξ1 · · · ξN) ∼ N(0, IN).

The problem becomes (homogeneous essential BCs)

−∇ ·
(
K N(x , ξ)∇U(x , ξ)

)
= −f , x ∈ Ω

U(x , ξ) = 0, x ∈ ∂Ω

The solution is sought in V ⊗ L2(Ξ) := L2(V,Ξ).

Consider an Hilbertian basis {Ψα, α = 1, 2, . . .} of L2(Ξ) then

L2(V,Ξ) 3 U(x , ξ) =
∞∑
α=1

ui (x)Ψα(ξ), ui ∈ V,Ψα ∈ L2(Ξ).

PC expansion : Gaussian ξ corresponds to Hermite polynomials
The truncated PC expansion of U(x , ξ) :

U(x , ξ) ≈
∑
α∈A

ui (x)Ψα(ξ), A = {α ∈ NN, |α| =
N∑

i=1

αi ≤ No}, |A| =
(N + No)!

N!No!
.
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Limitations of Spectral Methods

Solution Methods :

Galerkin methods : large set of |A| coupled problems

Non-intrusive (projection) methods : large set of deterministic simulations (k × |A|)
Cost increases with N and No .

Non-isotropic truncature strategies Nobile, Tamellini,...

Require smooth covariance with characteristic length scale comparable to the
domain size J. Charrier

For many practical problems, rough parameter fields

N must be large (with not so slow decay)

High-dimensional problem : low-rank and separated approximations [Nouy, Cohen,

Schwab,...]

KL decomposition is costly to compute for large meshes
Monte-Carlo is a viable alternative for this problems
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Karhunen-Loeve (KL) Eexpansion

Let G ∈ L2(Ω,Θ) be a centered second order stochastic process in Ω with
covariance function C : Ω× Ω 7→ R :

C(x , x ′) = E
[
G(x , ·),G(x ′, ·)

]
.

The Karhunen-Loeve expansion of G writes as

G(x , θ) =
∞∑
α=1

√
λαηα(θ)Φα(x),

where λ1 ≥ λ2 ≥ · · · are the leading eigenvalues of∫
Ω

C(x , x ′)Φα(x ′)dx ′ = λαΦα(x).

Upon truncation with normalized Φα,

G(x , θ) ≈ GN (x , θ) ≡
N∑
α=1

√
λαηα(θ)Φα(x), where ηα(θ) =

∫
Ω

G(x , θ)Φα(x)dx .

Optimal approximation : ‖G − GN‖2
L2(Ω,Θ)

=
∑
α>N λα.
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Reduced basis KL expansion
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Numerical KL Expansion

Galerkin approximation. Finite-element approximation of the KL modes Φh
α in a finite

dimensional subspace Vh, through

Φα(x) ≈ Φh
α(x) ≡

Q∑
k=1

cα,k vk (x).

The weak form of the eigenproblem is obtained by requiring

〈λΦh(x)−
∫

Ω
C(x , x ′)Φh(x ′)dx ′,V (x)〉Ω = 0 ∀V ∈ Vh.

Finite dimensional generalized eigenproblem for the Q coordinates in Vh,

[S]cα = λα[M]cα,

[S]k,k′ =

∫
Ω

C(x , x ′)vk (x)vk′ (x ′)dxdx ′, [M]k,k′ =

∫
Ω

vk (x)vk′ (x ′)dxdx ′

Numerical complexity when dimVh is large (full matrix).
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Reduced basis KL expansion
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Domain Decomposition

Domain partitioning : partition the domain Ω into D non-overlapping subdomains

Ω̄ =
⋃D

d=1 Ωd , Ωi ∩ Ωj 6=i = ∅.

Compute local eigenmodes of subdomain d solving the local eigenproblem∫
Ωd

C(x , x ′)φ̃(d)
β (x ′)dx ′ = λ

(d)
β φ̃

(d)
β (x),

∥∥∥φ̃(d)
β

∥∥∥
Ωd

= 1.

and extend outside of Ωd through

∀x ∈ Ω̄, φ
(d)
β (x) =

{
φ̃

(d)
β (x), x ∈ Ωd ,

0, x /∈ Ωd .
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Domain Decomposition

For each subdomain retain the md > 0 dominant eigenfunctions to form a reduced
basis

B =
D⋃

d=1

Bd , Bd =
{
φ

(d)
β , β = 1, . . . ,md

}
.

Denote VB the linear span of B, and approximate the global modes as

VB 3 Φ̂(x) =
D∑

d=1

md∑
β=1

a(d)
β φ

(d)
β (x) ≈ Φ(x).

Apply Galerkin method to cast the reduced eigenproblem,
[K̂11] · · · [K̂1D ]

...
. . .

...
[K̂D1] · · · [K̂DD ]




a(1)

...
a(D)

 = Λ


a(1)

...
a(D)

 ,

where

[K̂i,j ]α,β =

∫
Ωi

∫
Ωj

C(x , x ′)φ(i)
α (x)φ

(j)
β (x ′)dxdx ′, 1 ≤ α ≤ mi , 1 ≤ β ≤ mj .
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Reduced basis KL expansion
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Reduced Problem

Dimension : denote nt =
∑D

d=1 md = dimB.
Reduced operator : [K̂ ] ∈ Rnt×nt is symmetric and positive definite.
The nt eigenvalues Λα can be ordered as

Λ1 ≥ Λ2 ≥ · · · ≥ Λnt ≥ 0.

Truncature : let 1 ≤ N̂ ≤ nt , the approximation of U is finally

G(x , θ) ≈ ĜN̂ (x , θ) ≡
N̂∑
α=1

√
Λα η̂α(θ)Φ̂α(x), Φ̂α(x) =

D∑
d=1

md∑
β=1

a(d)
α,βφ

(d)
β (x).

Remarks :

The approach is suitable for parallel implementation
The local problems can eventually enable direct solvers

Could use different discretizations over distinct subdomains

VB * Vh

nt is fixed by the targeted error on G and is not dimVh.
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Example

Consider Ω = [0, 1]2 and the squared exponential covariance

C(x , x ′) = exp

[
−
‖x − x ′‖2

2
2L2

]
.
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FIGURE – Spectra of local decompositions for L = 0.1, and different D as indicated.
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Example

Differences between ĜN and GN for given N, using two metrics :

εspec =

∑N
k=1 |λk − Λk |∑N

k=1 |λk |
.

and ε2sub(GN ) defined as

ε
2
sub(V ) =

E
[∥∥∥V (x, θ)−

∑N
α=1

〈
V (x, θ), Φ̂α(x)

〉
Ω

Φ̂α(x)
∥∥∥2

Ω

]
E
[
‖V (x, θ)‖2

Ω

] .
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FIGURE – Computations use D = 80 and L = 0.1.
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Size of reduced problem

Increasing the number of subdomains : effect on the reduced problem dimension.

D nt m̄ ± σmd
20 431 21.55± 1.43
40 542 13.55± 0.59
80 741 9.26± 0.56

160 983 6.14± 0.35
320 1682 5.26± 0.44
640 2,306 3.60± 0.53
1280 3,840 3.00± 0.00

TABLE – Progression of nt for different values of D with δ2 = 2× 10−3 and L = 0.1.
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Anisotropy and size distribution effects

size is seen.

(a) ⇢ “ 1, R “ 1 (b) ⇢ “ 5, R “ 1 (c) ⇢ “ 20, R “ 1

(d) ⇢ “ 1, R “ 10 (e) ⇢ “ 5, R “ 10 (f) ⇢ “ 20, R “ 10

Figure 8: Partitioning of ⌦ “ p0, 1q2 into D “ 20 subdomains with the k-means clustering method,
using different parameter values of ⇢ and R as indicated.

Before investigating the effects of the partition on the DD-KL method, we first check in Figure 9
that changing the geometry of the subdomains does not affect the accuracy of the method and that
the selection of the local and global truncations remains appropriate. The plots confirm that, for
all partitions tested, the method achieves the desired accuracy set with �2 “ 2 ˆ 10´3.

Plotted in Figure 10 are the evolutions of the reduced problem size, nt, as a function of the
anisotropy parameter ⇢, for different values of R and D. Consistently with the results reported in
Table 1, nt increases with D when R and ⇢ are held fixed. In addition, an effect related to the aspect-
ratio of the subdomains is evidenced in Figure 10. Specifically, the size of the reduced problem
is adversely affected for stretched subdomains. This effect was anticipated from the trends and
behaviors reported above: the most effective reduction of the local bases is expected for subdomains
that have well balanced size in all directions. Incidentally, this behavior means that, in the case of
anisotropic covariance functions, one would have interest in designing a partition of ⌦ that fits with
the principal directions of C. We remark, however, that the effect of stretched subdomains is not
so severe, with a reported increase of less than 50% in the reduced problem size when going from
1:1 to 1:20 aspect-ratios. Finally, we observe from Figure 10 that increasing the dispersion of the

18

FIGURE – Controlling the aspect ratio (ρ) and area dispersion (R).
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Computational Efficiency
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(a) P0 finite elements.
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(b) P2 finite elements.

Figure 11: Computational times of local solves and reduced problem assembly versus D. Computa-
tions are performed on a fixed mesh with Ne “ 16,441 elements. The correlation length is L “ 0.1
and the target accuracy is �2 “ 10´3.

number of unknowns for the P2 discretization compared to the P0 case. But a fair comparison
between the two discretizations should not only account for the computional times but also for the
spatial discretization error on the computed modes.

4.2 Parallel implementation
Our domain decomposition approach naturally lends itself to parallel computation. In addition to
the reduced complexity of solving smaller problems, as reported above, further gain can be expected
through parallelization. From the presentation of the method given in Section 2 and summarized
in Algorithm 1, one can identify the three main stages of the approach. First, local generalized
eigenvalue problems are solved at the subdomain level (see Eq. (14)); second, the stiffness matrix
of the reduced (regular) eigenvalue problem is constructed (see Eq. (20)); and last, this reduced
problem is solved. We shall focus here on the first two stages, which represent the core of our
approach. Regarding the last stage, let us simply mention that libraries exist to efficiently deal
with the parallel solution of reduced problem, for example, PARPACK (Parallel ARPACK) [21],
SLEPc (based on PETSc) [12, 25], or the Anasazi package of Trilinos [2].

In what follows, we rely on a Message Passing Interface (MPI) approach to parallelize the
solution of the local problems and the assembly of the reduced problem. We shall denote by NMPI

the number of MPI processes; we then split the set of subdomains into NMPI subsets. Each process
p holds the data corresponding to the Dp subdomains in the p-th subset. In a static a priori load-
balancing approach, we would like the number of subdomains Dp handled by process p to be evenly
distributed among the processes, that is Dp “ D{NMPI for all p. In practice, to tackle the case
where NMPI does not divide D, we distribute the subdomains among the processes through

@p “ 1, . . . , NMPI, Dp “ tD{NMPIu `
#

1 if p § pD mod NMPIq,
0 otherwise,

(42)

where t¨u is the floor function. Such a distribution among processes is illustrated in Figure 12a, in
a case where NMPI does not divide D.

21

FIGURE – Sequential computation : timing local decompositions and reduced problem assembly
(fixed target accuracy).
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FIGURE – Parallel speedup (left) and efficiency (right) versus the number of MPI processes.
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Stochastic Elliptic Problem

Consider
∇ · (K (x , θ)∇u(x , θ)) = −f (x), u(x ∈ Γ) = 0,

in particular for log-normal random field :

log(K − κmin) = G(x , θ) ∼ N(µ,C).

Upon deterministic FE discretization, it comes

A[θ]u(θ) = b(θ),

where u is a random vector of RNe (e.g. nodal values on a FE mesh).
Solved by

Monte Carlo : proceed by sampling K to compute samples of u(θ) and estimate
averages

Stochastic Spectral Method (PC, PGD, low-rank) : parametrization of K (x , ξ) to
construct a functional representation of u(ξ) ≈

∑
α uαΨα(ξ).
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Domain Decomposition method

Consider again a non overlapping partition of the FE mesh. The
stochastic vector u can be slip into uin and ubd containing the in-
ternal unknowns and inner boundary values. The discrete system
can be recast as[[

Abd,bd
] [

Abd,in
][

Ain,bd
] [

Ain,in
]](ubd

uin

)
=

(
bbd
bin

)
,

Or [̂A]ubd = b̂, where

[̂A]
.

=
[
Abd,bd

]
−
[
Abd,in

][
Ain,in

]−1[Ain,bd
]
, b̂ .

= bbd −
[
Abd,in

][
Ain,in

]−1bin.[
Ain,in

]
has diagonal block structure :

Applying
[
Ain,in

]−1 amounts to solve D local problems for the inner nodes of the
subdomains Ω(d)

Can be carried out in parallel

Suggest solving the condensed problem in a matrix free approach with parallel
computation of [̂A]v .
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Condensed Problem

The condensed problem
[̂A](θ)ubd(θ) = b̂(θ),

can be expressed as subdomains contributions :

[̂A](θ) =
D∑

d=1

[̂A]
(d)

(θ), b̂(θ) =
D∑

d=1

b̂
(d)

(θ).

Elementary contributions can be determined solving a sequence of local problems with
deterministic boundary conditions.

Their solutions then depends on (log of) κ(x , θ) for x ∈ Ω(d). In other words, [̂A]
(d)

(θ)

and b̂
(d)

(θ) can be expanded in terms of local KL coefficients :

([̂A], b̂)(d)(θ) = ([̂A], b̂)(d)(ξ(d)(θ)) ≈
∑
α

([̂A], b̂)
(d)
α Ψα(ξ(d)(θ)),

where ξ(d) ∼ N(0, Imd ).
Constructing approximations is manageable provided the subdomains are small
enough so md is small.
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MC Sampling

To sample the condensed problem, we have to solve

[̂A](θ)ubd(θ) = b̂(θ)

with

[̂A](θ) =
D∑

d=1

[̂A]
(d)

(θ) ≈
D∑

d=1

∑
α

[̂A]
(d)

α Ψα(ξ(d)(θ)).

Amounts to sample jointly the local KL coefficients.

Directly generate sample of the condensed problem, without solving any local
problems

Leads to significant computational saving

Still need to solve (once) local problems to yield full solution sample.
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MC Sampling : realizations

�2 “ 0.05 �2 “ 0.20 �2 “ 0.50
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Figure 1: Top row shows realizations of the process , over the domain ⌦, for three different values
of �. Row two shows the E rupx, ¨qs for different values of �. Rows three and four show realizations
of upx, ⇠iq ´ E rupx, ¨qs and ûpx, ⇠iq ´ upx, ⇠iq, respectively, for the corresponding three different
values of �. ûpx, ⇠iq was computed with q “ 2, L “ 0.1 and D “ 480 (the subdomains partition
is shown in all the figures). The value of E rupx, ¨qs was estimated via Monte Carlo using 500,000
samples.Add q=6 row.
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Expectation of u(x , θ)

�2 “ 0.05 �2 “ 0.20 �2 “ 0.50
E

ru
px

,¨q
s

E
rû
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Figure 2: Top row shows E rupx, ¨qs, estimated via Monte Carlo using 500,000 samples, for three
different values of �. Rows two and three show E ruspx, ¨q ´ E rupx, ¨qs for two different values of
the polynomial order q. For each i, ûpx, ⇠iq was computed using D “ 480 and L “ 0.1.

Std rûpxqs ´ Std rupxqs. Results are shown for three different values of � and two different values of
q, with D “ 480 and L “ 0.1. The first remark is that there are two sources of error in these plots:
1) the error introduced by the PC expansion (which is the one we are interested in analyzing) and
2) the sampling error resulting from the MC approach used to estimate the statistics (this error
is not inherent to the DD-PC approach). Observe in Figure 2 that when q “ 2, as expected, the
error increases as � increases, and that for �2 “ 0.05 the spatial distribution of the error looks
slightly more disturbed. This is because for small � the PC error is small and the sampling error
has a significant contribution on the total error. For q “ 6, we see a similar behavior, but with a
more marked effect of the sampling error. As q increases the PC error decreases, and if the number
of samples stays constant, the sampling error will eventually become dominant; the effect of the
sample size on the error is analyzed below with the help of Figure 4. We see that the error in the
standard deviation in Figure 3 has a similar behavior than the error in the mean. Thus, we expect
a similar behavior for higher order statistics as well.
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Standard deviation of u(x , θ)
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rû
px

,¨q
s

S
td

rû
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Figure 3: Top row shows Std rupx, ¨qs, estimated via Monte Carlo using 500,000 samples, for three
different values of �. Rows two and three show Std rupx, ¨qs ´ Std rupx, ¨qs for two different values
of the polynomial order q. For each i, ûpx, ⇠iq was computed using D “ 480 and L “ 0.1.
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L-2 norm of error in mean :
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(b) Error in mean, q “ 6

Figure 4: Norm of the error in the mean solution as a function of the number of realizations.
Remove title and change labels to use ✏mean and ms.

The effect of the sampling size on the error is visible in Figure 4, where we plot as a function of
the sampling size ms the normalize error in the mean ✏mean given by

✏2mean “ }E rûs ´ E rus}2
2

}E rus}2
2

. (45)

We observe that for small values of ms the error ✏mean is overestimated because of the sampling
error. We see that the sampling error decreases as the number of samples increases, and for ms

large enough we see that ✏mean converges to its true value. Moreover, as we saw before, the error
depends on both � and q. Where higher values of � result in higher errors, and higher values of q
increase the accuracy of the PC expansion and reduce the error. An important remark is that for
high polynomial orders the sampling error would be dominant unless a large number of samples is
used.

Finally, we take a closer look at how the polynomial order q affects the accuracy of the solution
û. To this extent we look at the root-mean-squared error (RMSE) of the L2-norm of the difference
between u and û, which is defined by:

✏2u “ E
“}û ´ u}2

2

‰

E r}u}2
2s . (46)

This error metric extents to an average over multiple realizations what we already observed for
individual realizations in Figure 1. In Figure 5 we plot as a function of the PC order q both the
error in the mean ✏mean and the root-mean-squared error ✏u. We notice first that the behavior
of both errors is very similar, but as expected the RSME is higher than the error in the mean.
Next, we observe that the error has the expected decay as the polynomial order increases. Finally,
we observed that the number of subdomains D has an almost negligible impact on the accuracy
of the method. This means that we can use the number of subdomains that provides the greatest
computational advantage without concerns about having an impact on the accuracy of the solution.
The influence of the number of subdomains on the computational savings offered by the method is
analyzed in the next section.
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Error on mean and standard deviation of solution
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Figure 4: Standard deviation fields Std rupx, ¨qs (top row), and DD-PC error in the standard
deviation Std rûpx, ¨qs ´ Std rupx, ¨qs for No “ 3 (middle row) and No “ 3 (bottom row), and
three values of �2, as indicated, from left to right. The computations use M “ 500,000 Monte
Carlo samples to estimate the expectations and D “ 480 subdomains.

range. In fact, the convergence curves highlight an even-odd effect with a smaller error for even
order No “ 2n than for the next odd order No “ 2n ` 1. In addition, the relative stochastic
error reaches dramatically large levels for odd values of No and has much more severe and non
trivial dependences on D. We should remark that the case with �2 “ 0.5 leads to a very high
variability in  and can be considered as an extreme case. In the following, we proceed to analyze
the stochastic error in this large variability case.
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(b) �2 “ 0.5

Figure 5: Relative stochastic error ✏u and relative error on the mean ✏m as functions of the PC
order No, for different values of D as indicated and �2 “ 0.05 (left plot) and 0.5 (right plot).

To better understand the error mechanism, we first reduce the computational cost of this
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Figure 7: Log-Histograms of the error norm }u ´ û}L2p⌦q (left), of the approximation error on
condensed operator }yrAs ´ ÅrAs}F (center), and of the condition number of the approximate
system cond

´
ÅrAs

¯
(right) for PC orders No “ 2, 3, 9. Case of G with �2 “ 0.5 and L “ 1.

positive value and in green for a negative value. Focusing first in the case No “ 2 reported
in Figure 8(a), we observe that the error tends to be correlated with the condition number of
the system. In particular, the minimal error increases when cond ÅrAs increases. The case of
No “ 3 in Figure 8(b) appears to have an even more pronounced correlation of the error with
the condition number with additional events associated to large condition number and high error
level. The color clearly highlights the fact that the highest errors and condition number events
are associated with a loss of positivity in ÅrAs. In fact, the error distribution is somehow bimodal,
with one or the other mode depending highly ÅrAs having negative eigenvalues. On the contrary,
we report no sample with negative eigenvalues in our experiments for No “ 2 (and also for
No “ 4, 6, and 8; not shown for brevity). Further, increasing the order to No “ 5 and No “ 9 in
Figure 8(c) and 8(d) we observe the reduction of the probability of loss of positivity events (which
is not at all observed in the whole sample set with No “ 9), and correspondingly a reduction
of the resulting solution error. As a closing remark, detection of the loss of positivity in the
samples of ÅrAs would be a good indicator of an insufficient PC order in the approximation. In
our experiments, we found that checking for the positivity of the diagonal elements of ÅrAsp⌘iq,
a necessary condition for the positivity of the sample, was sufficient for this purpose.

5 Performance Analysis
In Section 5.1 we provide a brief analysis of the computational complexity and memory re-
quirements of the DD-PC method. A few alternative parallel implementations are discussed in
Section 5.2, and subsequently compared in Section 5.3.

5.1 Complexity analysis
As highlighted in Algorithm 1, the proposed method has two distinct stages: a preprocessing
stage during which the PC approximation of the condensed problem is computed, and a sampling
stage where approximate samples of the solution are computed.

For the first stage, one has to solve on each subdomain a stochastic problem for a set of N
pdq
�

distinct boundary conditions; this discretized stochastic problem has N
pdq
in unknowns expanded on

a Ppdq dimensional PC basis. Eventually, the storage of the PC approximation for the subdomain

contributions ÅrAspdq
and rbpdq

has a memory requirement of N
pdq
� ˆpNpdq

� `1qˆPpdq. Clearly, N
pdq
in ,

N
pdq
� and Ppdq are the parameters driving of the computational complexity of the preprocessing

stage on a subdomain, and we illustrate their evolutions when one considers an increasing number
D of subdomains to partition a fixed mesh (Ne “ 163,272) on the previous problem with L “ 0.1,
�2 “ 0.2 and ✏G “ 0.01. Note that the underlying unstructured mesh is essentially isotropic with
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Non positive approximation of the condensed operator

(a) No “ 2 (b) No “ 3

(c) No “ 5 (d) No “ 9

Figure 8: Samples of the error in the solution }u ´ û}L2p⌦q as a function of the condition number
cond ÅrAs. The samples are colored according to the sign of the smallest eigenvalue of ÅrAs.
Different PC orders as indicated.

uniform refinement. The Metis software [18] is employed here to partition the domain; several
examples are shown in Figure 9.

(a) D “ 15. (b) D “ 60. (c) D “ 960.

Figure 9: Partitions of the computational mesh into different numbers of subdomains D as
indicated.

The results are reported in Table 1. The second column shows the evolution with D of the
condensed problem dimension N�. The third and fourth columns report the corresponding values
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(a) No “ 2 (b) No “ 3

(c) No “ 5 (d) No “ 9

Figure 8: Samples of the error in the solution }u ´ û}L2p⌦q as a function of the condition number
cond ÅrAs. The samples are colored according to the sign of the smallest eigenvalue of ÅrAs.
Different PC orders as indicated.

uniform refinement. The Metis software [18] is employed here to partition the domain; several
examples are shown in Figure 9.

(a) D “ 15. (b) D “ 60. (c) D “ 960.

Figure 9: Partitions of the computational mesh into different numbers of subdomains D as
indicated.

The results are reported in Table 1. The second column shows the evolution with D of the
condensed problem dimension N�. The third and fourth columns report the corresponding values
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Figure 10: Local complexity (left plot) and local and global memory requirements (right plot),
as a function of the number of subdomains D and for two PC degree No “ 2 and No “ 6. Note
that both plots use a log-log scale.

a joint random sample of the local random variables (line 12); second, evaluate the subdomain
contributions to the condensed problem (40) (line 13), which amounts to evaluating polynomials;
third, solve the sample domain decomposition problem (40) (line 16); and finally, if desired,
recompute the solution inside selected subdomains (line 17). The parallelization of the first and
second steps is trivial, as well as the solution of the local problems in the fourth stage when the
boundary data are known; see (42). For the latter step, our PC approach can even bypass the
final local solves if the local PC approximations ũ

pdq
in,n of the elementary solutions u

pdq
in,n can be

stored (see Section 3.2.2).
In contrast, different strategies can be envisioned to solve the sampled condensed problem,

as further discussed below.

5.2.1 Strategies for solving the condensed problem

Our PC-based sampling approach aims at accelerating direct MC sampling. As discussed earlier
in Sections 2.1.1 and 2.2.2, such direct MC methods are usually based on matrix-free iterative
solvers where the realizations of the condensed operator and corresponding right-hand side in (28)
are never explicitly assembled. Instead, using a CG algorithm, the application of the condensed
operator to successive conjugate vectors is implicitly performed in a matrix-free manner by
computing residuals from local PDE solutions at the subdomain level. This approach will be
referred to as Dir-loc-CG and will serve as a reference. It will be compared with different PC-
based strategies, also relying on the CG method to solve the condensed problems, and using the
same stopping criterion in order to ensure the fairness of the comparisons.

In our PC-based approach, we investigate two main strategies for solving of the condensed
problem (40). The first strategy mimics the reference Dir-loc-CG above, in that it never as-
sembles the full condensed problem (40). Inside the CG iterations, the subdomain contribution
to the residual of the successive conjugate vectors is computed locally, by matrix multiplication

with the sample value of ÅrAspdq
instead of solving a local PDE problem. This approach will be

referred to as PC-loc-(P)CG, where the optional P indicates whether or not a preconditioner is
involved in the CG method (see Section 5.2.3 below). The second strategy, on the contrary, is
based on assembling for each sample the corresponding full condensed operator and right-hand
side. The condensed problem (40) is still solved using CG, leading to the approach referred to
as PC-glo-(P)CG in the following. Note that PC-loc-(P)CG and PC-glo-(P)CG are equivalent,
as they solve the same problem, but are expected to have different parallel efficiencies as they
will have different communication patterns as discussed in the following.
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(b) Ne “ 327,334.

Figure 12: Scaled CPU times, to generate one sample, as a function of the number of MPI
processes NMPI. The dashed lines represent ideal parallel scaling.

cost of the rest of the CG algorithm (e.g. dot products), which scale poorly, and consequently
the overall sampling cost converges to this flat cost. Concerning PC-loc-PCG, the effect of the
mean preconditioner can be appreciated comparing its computational time with the PC-loc-CG
strategy: for 16 processes, the CPU time is reduced by another factor of about 3.5. This
reduction is due to the improved convergence of the iterative solver, allowing to save many CG
iterations. However, the overall cost of PC-loc-PCG is quickly dominated by the application
of the preconditioner, which is not performed in parallel in the present implementation (see
Section 5.2.3), with a very poor parallel scaling of PC-loc-PCG as a result. Eventually, the
savings of the preconditioner are lost and the overall CPU time converges to that of the non-
preconditioned version.

Finally, the strategy PC-glo-PCG, based on the full assembly of the global condensed sys-
tem (40) and using the mean operator as a preconditioner, has a parallel efficiency behavior
similar to that of PC-loc-CG, but with a computational cost up to 16 times less. PC-glo-PCG
outperforms the reference strategy Dir-loc-CG by a factor of about 48 for NMPI “ 16 and re-
mains asymptotically 20 times faster despite its efficiency drop. Again, the drop in efficiency for
PC-glo-PCG is caused by the collective communication needed to assemble the global condensed
system from its local contributions. For the present example, this communication step involves
the exchange of about 4.5 million double precision values between all the NMPI processes. In
addition to being much more efficient than the other strategies, this last approach lends itself to
a task-based parallel framework, where data locality would be preserved and collective commu-
nication would be avoided. Although outside the scope of this paper, it is important to point
out that adopting such a parallel processing paradigm could potentially improve significantly the
parallel scaling of this approach. In any case, having a different treatment of the PC evaluation
(parallelized across subdomains) and of the condensed system solve (parallelized across samples)
clearly allows for more flexibility.

To conclude this analysis, let us mention that the reported trends in the parallel efficiency
for the different methods does not significantly depend on the FE discretization of the problem.
This can be seen comparing the similar evolution of the CPU times in Fig. 12(a) and Fig. 12(b),
the latter corresponding to an FE mesh with twice as many elements as before Ne “ 327,334
elements (leading to computational times roughly twice as long). We also note that for this
refined mesh and 16 processes, PC-glo-PCG is roughly 64 times faster than for the reference
Dir-loc-CG.
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Conclusions and Remarks

Complexity Reduction by means of local solves and local parametrization

PC expansions of local operators is effective and avoid costly online assembly

Computational efficiency and scalability to be improved

Resilient aspects must be added

Next / ongoing :

Accelerated Schwartz method using local PC approximations as preconditionners
(Thèse João Reis, CMAP)

Exploit spectral information from previous solves to precondition new problem
-recycling Krylov- (thèse Nicolas Venkovic, Cerfacs)

Extension to a multi-level framework : MC convergence & preconditioning

"Condense / compress" the local / global problems : H-matrix, Low rank
approximation, . . .
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