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Context :

o Development of massively parallel machines
o Solution of large scale PDEs’ based problem
o New architectures — evolution of strategies and algorithms
o Based on Divide to Conquer paradigms
o Specificities of UQ problems (forward problem).
Objectives :
o Acceleration and implementation of (UQ) solvers on massively parallel machines
o Domain decomposition method

o Incorporate resilience properties into algorithms (exascale machine)
Focus on two contributions

@ Parallel DD method for stochastic fields decomposition
@ Parallel DD method for Monte-Carlo sampling in elliptic problems.
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Generic model

V- (K(O)VU(0)) = —f (+BCs)

o Coefficient K is uncertain

o Model problem appearing in multiple domains : porous media flow, elasticity,
thermal sciences, electromagnetism, ...

o Extensively analyzed and used for benchmark
The (now ?) classics : [Ghanem & Spanos, 1989]
o Parametrization of K(6) using a finite number of RVs KL expansion
o Exploit the smoothness of U w.r.t. the RVs to build spectral expansions
o Possibly very high-dimensional problem (number of RVs)
o Sparse grid, PGD, low rank, adaptive constructions, ...
The current questions :
o Parametrization
o New architectures — evolution of strategies and algorithms
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Consider a bounded spatial domain Q2 and an probability space (©, X, du).
o Let V(Q) is an inner product space,

vu eV, ||ullo = (u,u)

;2/2 < 00
o and L»(©) the space of 2nd order random variables

1/2
VU € Lp(®), |lulle = (u,u)g* =B [1¥] " < oo
Let G € Ly(V, ©), i.e. 2nd order stochastic process G
Separated representation of G(x, 6) :

N
G(x,0) = GN(x,0) = > ¢1(x)mi(6),
=1
minimizing the truncation error

N 2
= min E |[[G(x,0) = > ¢/(x)mi(0)
{¢rmi} ' o
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The optimal representation is given by

where

1=1

N
GN(x,0) = E[G(x, )] + > VAP (x)&(0).
o (A, @)) are the eigenpairs of the covariance function

o satisfying

C(x,x') :=E [G(x,)G(x',)] —E[G(x,)]E [G(x', )],
(C(,x), ®1(x))a = N (x),

[®illo =1.
o Cis symmetric and non-negative such that A; > 0 and the KL error is
e,zv =K |: ‘

N 2 o
G(x,0) —E[G(x,0)] = > V/N&(x)m(0)| | = D A
=1 Q [=N+1
o Bi-orthonormal decomposition : (¢, ®y)q = 6,y and E [§;,&y] = 0y
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C(x, x") = exp(—(x — x")?/2L?), Gaussian field
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Log-normal field K(6) approximated by truncated KL expansion of its log :

KN(x,£(0) = oxp [GN(x,8)] €= (&1 &) ~ N(O, k).

The problem becomes (homogeneous essential BCs)
U(x,€) =0,

xeQ

X € 02
The solution is sought in V @ Lp(Z) := Lx(V, =).

oo

Consider an Hilbertian basis {V.,a = 1,2,...} of Lo(=) then

a=1

L(V,2) 5 U(x,€) = Y ui(X)Val(€), U €V, Vq € Ly(3).

PC expansion : Gaussian & corresponds to Hermite polynomials
The truncated PC expansion of U(x, &) :

acA

N
N + No)!
Say <N}, Al = ER)
i=1
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Solution Methods :

o Galerkin methods : large set of |.A| coupled problems
o Non-intrusive (projection) methods : large set of deterministic simulations (k x |.A|)
o Cost increases with N and N° .

o Non-isotropic truncature strategies

Nobile, Tamellini,...

o Require smooth covariance with characteristic length scale comparable to the
domain size

J. Charrier
For many practical problems, rough parameter fields
o N must be large (with not so slow decay)

o High-dimensional problem : low-rank and separated approximations mouy, conen,
Schwab, ...]

o KL decomposition is costly to compute for large meshes
o Monte-Carlo is a viable alternative for this problems
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(@ WMotivations

0 Domain decomposition methods
o Reduced basis KL expansion
o Stochastic Elliptic PDEs

(3 conclusions
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Reduced basis KL expansion
Stochastic Elliptic PDEs

covariance function C: Q x Q — R :

Let G € L,(Q, ©) be a centered second order stochastic process in Q with

C(X, X/) =E [G(X, ')7 G(xl7 )] .
The Karhunen-Loeve expansion of G writes as

a=1

where Ay > X\o > --- are the leading eigenvalues of

G(x,é)) = Z >\a77a(0)¢0¢(x)a

/ C(x, x" Yo (X )dX = Ao ®a(X).
Q

Upon truncation with normalized ¢,

a=1

N
G(x,0) ~ Gn(x,0) = Z Aana(0)Pa(x), where nq(0) :/ G(x,0)bo(x)dx.
Q

; oo 2 —
Optimal approximation : |G — GN||L2(Q,6) = asN Aa
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Reduced basis KL expansion
Stochastic Elliptic PDEs

dimensional subspace V, through

Galerkin approximation. Finite-element approximation of the KL modes " in a finite

Q
Do (X) & L (X) =D CakVk(X).
k=1

The weak form of the eigenproblem is obtained by requiring

[Slea = Aa[M]ca,

(AN(x) — / C(x, X))o (x)dx', V(x))g =0 VV € V.
Q
Finite dimensional generalized eigenproblem for the Q coordinates in V,

[Slk k :/QC(x,x’)vk(x)vk/(x’)dxdx’, My i _/ Vi (X) Vi (x")dxdx’

Q
Numerical complexity when dim Vy, is large (full matrix).

(=]

=




Reduced basis KL expansion
Stochastic Elliptic PDEs

Domain partitioning : partition the domain Q into D non-overlapping subdomains

Q=UL 1, QnQu=0

Compute local eigenmodes of subdomain d solving the local eigenproblem

and extend outside of Q4 through

[ cmx)i@ e =080, 69, =1
Qq Qq

2(d)
S d X), Xc Q s
vx €, ¢(B)(x):{§ﬁ( ) X¢Qd
9 d'
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Reduced basis KL expansion
Stochastic Elliptic PDEs
basis

For each subdomain retain the my > 0 dominant eigenfunctions to form a reduced
D
B=|JBas Ba={s,p=1

d=1

Sy md} .
Denote Vi the linear span of B, and approximate the global modes as

Vi 2 d(x) = Z Z ol (x) ~ (x).
d=18=1
Apply Galerkin method to cast the reduced eigenproblem
[k11] [km] aM a"
[Ko1]
where

: =A
[;“(DD] a® a®

[Kijla,s = /Q /n cx, x)oD (x)p¥ (x)dxdx', 1<a<m, 1<p< m;
i /2

) (v’ 7 .
[e3 B H — — — —
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Dimension : denote n;

>0 my=dimB
The n; eigenvalues A, can be ordered as

A >N > Ap, > 0.
Truncature : let 1 < N < n;, the approximation of U is finally
G(x,0) ~ G (x,0) = Z Ao Do (0)Pa(X), ®o(x
a=1
Remarks :

d=14=1
o The approach is suitable for parallel implementation
o The local problems can eventually enable direct solvers
Qo Vi ,¢_ Vh

o Could use different discretizations over distinct subdomains

o n; is fixed by the targeted error on G and is not dim V),
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Reduced operator : [K] € R™*" is symmetric and positive definite
c

Reduced basis KL expansion
Stochastic Elliptic PDEs

> a6l (x)




Consider Q = [0, 1]? and the squared exponential covariance
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FIGURE — Spectra of local decompositions for L = 0.1, and different D as indicated.
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Reduced basis KL expansion
Stochastic Elliptic PDEs
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Differences between Gy and Gy for given N, using two metrics :
€spec = 7ZQ:1 |>\k — Ak|~
kot
and €2, (Gy) defined as
~ ~ 2
, E [HV(x, 0) = SN, (V(x,0),50(0) ¢°‘(X)HQ}
(V) =
E[|IV(x,0)3]
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FIGURE — Computations use D = 80 and L = 0.1.
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Increasing the number of subdomains : effect on the reduced problem dimension.

Reduced basis KL expansion
Stochastic Elliptic PDEs

D nt m+ Tmy
20 431 21.55+£1.43
40 542 13.55+£0.59
80 741 9.26 £ 0.56
160 983 6.14 £ 0.35
320 1682  526+0.44
640 2,306 3.60+0.53

1280 3,840  3.00£0.00

TABLE — Progression of n; for different values of D with 6> =2 x 103 and L = 0.1.
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Reduced basis KL expansion
Stochastic Elliptic PDEs
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FIGURE — Controlling the aspect ratio (p) and area dispersion (R)

—~+R=1 & R=5
HR=2 & R=1
11 H

eupU) x 100

FIGURE — ¢2,,(G) and reduced basis dimension versus p for a target accuracy 42 = 2 x 1075.
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Reduced basis KL expansion
Stochastic Elliptic PDEs
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FIGURE — Sequential computation : timing local decompositions and reduced problem assembly
(fixed target accuracy).
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FIGURE — Parallel speedup (left) and efficiency (right) versus the number of MPI processes.
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Reduced basis KL expansion

Stochastic Elliptic PDEs
Consider

V - (K(x,0)Vu(x,0)) = —f(x),
in particular for log-normal random field :

u(xer)=0,
log(K — Kmin) = G(x,0) ~ N(u, C).
Upon deterministic FE discretization, it comes

Alo]u(0) = b(6),
where u is a random vector of RNe (e.g. nodal values on a FE mesh).
Solved by
averages

o Monte Carlo : proceed by sampling K to compute samples of u(6) and estimate

construct a functional representation of u(¢) =~ >, Ua Vo (£).

o Stochastic Spectral Method (PC, PGD, low-rank) : parametrization of K(x, &) to
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Consider again a non overlapping partition of the FE mesh. The
stochastic vector u can be slip into uj, and upy containing the in-

ternal unknowns and inner boundary values. The discrete system
can be recast as

[[[Abd,bd]] [[Abd,in}]] (ubd) _ (bbd)
Ain bd Ain,in Uin b, )’

Or [i]ubd = b, where

[A] = [Aod,bd] — [Aod,in] [Ain,in] " [Ain,ba] b= by — [Aod,in] [Ain,in] =" Bin
[Ain,in] has diagonal block structure :

o Applying [Ain,in] —1 amounts to solve D local problems for the inner nodes of the
subdomains Q(9)

o Can be carried out in parallel

o Suggest solving the condensed problem in a matrix free approach with parallel
computation of [A]v.
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Reduced basis KL expansion
Stochastic Elliptic PDEs

The condensed problem

[A](6) oo (6) = B(6),
can be expressed as subdomains contributions

D

D
e =S @A%0), beo)=3 6%
d=1 d=1

Elementary contributions can be determined solving a sequence of local problems with
deterministic boundary conditions

—(d
Their solutions then depends on (log of) k(x, 8) for x € Q(9)_ In other words, [A]( )(9)
and B(d) (0) can be expanded in terms of local KL coefficients

([A1,5) 9 (6) = ([A], b)) (@ (9)) = > ([A], D) Wa (£ (0))
where £(9) ~ N(0, Img)-

Constructing approximations is manageable provided the subdomains are small
enough so my is small.
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Reduced basis KL expansion
Stochastic Elliptic PDEs

To sample the condensed problem, we have to solve
with

[A](0)ubg(6) = b(6)

d=1 «
problems

[4](0) = Z[A] (0) ~ ZZ[A]( "W (69 (0)).

Amounts to sample jointly the local KL coefficients
o Directly generate sample of the condensed problem, without solving any local
o Leads to significant computational saving

o Still need to solve (once) local problems to yield full solution sample
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Reduced basis KL expansion
Stochastic Elliptic PDEs
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Expectation of u(x, 6)

Reduced basis KL expansion
Stochastic Elliptic PDEs

E [u(, )]

Eli(z, )] - E[u(z,)]

q=6
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Figure 2: Top row shows E [u(z,-)], estimated via Monte Carlo using 500,000 samples, for three
different values of 0. Rows two and three show E [u](z,-) — E [u(z, )] for two differe%l values of

the polynomial order ¢. For each i, i(z, £') was computed using D = 480 andZ = 0.1
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Standard deviation of u(x, 6)

Stochastic Elliptic PDEs
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Figure 3: Top row shows Std [u(z, -)], estimated via Monte Carlo using 500,000 samples, for three

different values of 0. Rows two and three show Std [u(a, -)] — Std [u(z, )] for two diffexent values

of the polynomial order g. For each x was computed using D = 480 and L = 0.1.
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L-2 norm of error in mean :

L=0.1, D=480, PC order = 2

0.001
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(a) Error in mean, ¢ = 2

Reduced basis KL expansion

Error in mean

Stochastic Elliptic PDEs
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(b) Error in mean, ¢ = 6

Figure 4: Norm of the error in the mean solution as a function of the number of realizations.
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Error on mean and standard deviation of solution

102 RMSE "D=060 —— ]
vy

B v Error in mean

Error in mean
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PC order

(a) 0® = 0.05 (b) 0> =0.5

1 2 3 4 5 6 7 8
PC order

6 4 2 o0 2

3 0 5 B

(¢) logyo cond ([K])

(a) logyg |u — il Ly (2) (b) logy, | [A] - [A]]r

Figure 7: Log-Histograms of the error norm |[u — @ 1a(q) (left), of the approximation error on
condensed operator |[A] — m"F (center), and of the condition number of the approximate
system cond ([7(]) (right) for PC orders N, = 2,3,9. Case of G with 0 = 0.5 and L = 1.
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Reduced basis KL expansion
Stochastic Elliptic PDEs

Non positive approximation of the condensed operator
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Figure 8: Samples of the error in the solution |u— i () as a function of the condition number

cond [A]. The samples are colored according to the sign of the smallest eigenvalue of [A].
Different PC orders as indicated.
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Complexity analysis

Reduced basis KL expansion

Stochastic Elliptic PDEs

(a) D = 15. (b) D = 60.
Figure 9: Partitions of the computational mesh into different
indicated.
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Figure 10: Local complexity (left plot) and local and global memory requirements (right plot),
as a function of the number of subdomains D and for two PC degree N, = 2 and N, = 6. Note

that both plots use a log-log scale.
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Reduced basis KL expansion
Stochastic Elliptic PDEs
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(b) N, = 327,334.

sample, as a function of the number of MPI
parallel scaling.
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o Complexity Reduction by means of local solves and local parametrization
o PC expansions of local operators is effective and avoid costly online assembly
o Computational efficiency and scalability to be improved
o Resilient aspects must be added
Next / ongoing :

o Accelerated Schwartz method using local PC approximations as preconditionners

(Thése Joao Reis, CMAP)

o Exploit spectral information from previous solves to precondition new problem
-recycling Krylov- (thése Nicolas Venkovic, Cerfacs)

Extension to a multi-level framework : MC convergence & preconditioning

o "Condense / compress" the local / global problems : H-matrix, Low rank
approximation, ...
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